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ABSTRACT 

We  consider  in  detail  the  differential  cross  section  for  polarized 
bremsstrahlung  for  angles  and  energies  in  the  range  of  interest  for  a 
tagging  system  and  derive  a high  energy,  small  angle  approximation  for 
this  cross  section.  For  photons  polarized  perpendicular  and  parallel 
to  the  production  plane  these  are  given  by  eqs  (1.2)  and  (1.3).  We  use 
these  approximations  to  determine  the  maxima  and  minima  of  the  cross 
sections  for  these  two  polarization  states,  da,  and  da,,  and  to 
evaluate  these  cross  sections  at  the  extrema.  It  is  shown  that  both 
dax  and  da,  have  a very  sharp  dip  in  the  region  of  small  momentum 
transfers.  However,  their  behavior  in  the  region  of  the  dip,  as  a 
function  of  the  azimuthal  angle  <f>,  is  quite  different  over  most  of 
the  photon  spectrum  (condition  (VI. 33)).  The  cross  section  dax 
behaves  similarly  to  the  cross  section  for  unpolarized  photons  in  that 
as  0 increases,  the  sharp  dip  vanishes,  the  minimum  fuses  with  the 
second  maximum,  and  the  cross  section  then  has  only  a single  maximum. 

In  contrast,  the  sharp  dip  in  the  cross  section  da,  remains  as  <J> 
increases,  provided  condition  (VI. 33)  is  satisfied.  This  results  in 
rather  large  polarizations  in  the  region  of  the  dip  as  shown  in 
figs.  3 (a ) -3 (h ) . Coulomb  corrections  to  the  Born  approximation  are 
considered,  and  do  not  fill  in  these  dips. 


Key  Words:  Bethe-Heitler  cross  section;  bremsstrahlung  monochromator ; 

photonuclear  research;  polarized  bremsstrahl ung  differential 
cross  section;  polarized  photon  beams;  tagged  photon  method. 
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NOTATION 


Physical  Constants 

e charge  of  the  electron 

m mass  of  the  electron 

c velocity  of  light 

2 

me  rest  energy  of  the  electron 

ft  Planck's  constant 

Z atomic  number  of  the  nucleus 

Kinematics  and  Cross  Section 

2 

Note:  Unless  otherwise  specified,  all  energies  are  in  units  of  me 

and  all  momenta  are  in  units  of  me. 


k_  momentum  of  the  photon 

k photon  energy 


£ momentum  of  the  electron 

p-j  for  the  initial  electron 
P2  for  the  final  electron 

pL  component  of  £ perpendicul ar  to  k_ 

Pn  for  the  initial  electron 
P2i  for  the  final  electron 

p-j  = | p | magnitude  of  £ 

p-j  for  the  initial  electron 
P2  for  the  final  electron 


iv 


e electron  energy 

e-j  for  the  initial  electron  (E^,  in  MeV,  in  the  figures) 
e2  for  the  final  electron 

0 polar  angle  in  system  with  z-axis  in  the  direction  of  k 

0-|  between  the  photon  and  the  initial  electron  direction 
02  between  the  photon  and  the  final  electron  direction 

<p  azimuthal  angle  between  the  plane  defined  by  the  directions 

of  the  photon  and  the  initial  electron  and  the  plane  defined 
by  the  directions  of  the  photon  and  the  final  electron 


£ 


q 

F(q ) 
e_ 

Q 

dft 

?2 

dk 


dtt.  dS2  dk 
k p2 


momentum  transferred  to  the  nucleus 

^ component  perpendicular  to  the  photon  direction 
qz  component  in  the  photon  direction 

magnitude  of  £ 

atomic  form  factor  for  screening  ( = 0 in  this  report) 
polarization  vector  of  the  photon 

angle  between  e and  the  production  plane  defined  by  the 
directions  k_  and  £, 

solid  angle  in  which  the  photon  is  emitted 

solid  angle  in  which  the  final  electron  is  emitted 

2 

energy  bin  of  the  photon  in  me 

differential  cross  section  for  bremsstrahl ung  in  units  of 
b/(_sr)2/(mc2) 


v 


Special  Notations  of  this  Report 


da,  = d3a  = 


d3a 


dft  dft.dk 
p2  k 


differential  cross  section  for  bremsstrahlung 
for  an  angle  of  polarization  ip 


dax  = d3ax  = 


A 


(*  = !) 


dft  dft, dk 


value  of  da  for  ip  = J (perpendicular 


p2  k polarization) 


2 d (j[ip  = 0) 

da..  = d a,,  = 

11  11  dtt  dft.  dk 

p2  k 


value  of  da^  for  ip  = 0 (parallel  polarization) 


ft  32  e2  / e2\  [l-F(q)]2  1 p2  A \2  . , 

< \ quantity  defined  by  da  = r — I — ~ J 2 — < > 

* ' he  \mc  / q k p1  \2tt / 1 ’ 


A,  B,  C 

{ L - c 

{ III  ■ A 


quantities  defined  by  | = Acost p + 2Bcosx/;s i nip  + Csin‘ 

(exact  expressions  are  given  in  eq  (IV. 11)  page  17). 

yalue  of  ^ ^ for  ip  = j 

value  of  <j  J>  for  ip  = 0 


degree  of  polarization,  P^  = 


da , - da  , , , 

Ip Ip+^TT 

da , + da  . , , 

Ip  Ip+%1T 


value  of  P for  ^ J , P = 


daj^  - dO|| 

dax  + da,. 


[Mi 
( ),  * ! ). 


C-A 


C+A 


angle  ip  for  which  P^  reaches  its  maximum  for  fixed  values 
of  £-j , k5  6 -j  j 02,  4> 


vi 


^-=  fi.u 


v = 

u = | u_|  = p-|Stn0i 
v = |v|  « p2sin©2 


magnitude  of  u 
magnitude  of  v 


z 


= v-u 
u 


d^  - e-j  - p-|COS0^ 

d2  — £"2  — p2cos02 


K * 


2e^d^ 


n = 


2e2d2 


= 


a 


1 


0 + in 

1 

0 + v2) 


Hi  = n. 


n 


6 = 


k 

2£-j£2 


f tv) 
g(v) 


G 

P 


quantities:  defined  by 


{ } = fCv]  (y  - u + <r)2  + g(v)sin2  | + p 


fi 

(vl 

value 

of 

f(v) 

for  ip 

TT 

" 2 

, given 

in  eq 

(V. 38}  p. 

45 

fll 

(vl 

yalue 

of 

f(y) 

for  ip 

= o, 

given 

in  eq 

(V.41)  p. 

45 

9i 

Cvl 

yalue 

of 

g(y) 

for  ip 

TT 

~ 2 

, given 

in  eq 

(V.39)  p. 

45; 

; (approxi 

mat ion 

for 

' q < 

O(u0)„ 

and 

<f>  « 1 

given 

in  eq  (VI 

.4) 

p.  48) 

9| 

(vl 

yalue 

of 

g ( v ). 

for  ip 

= o. 

given 

in  eq 

(V.42)  p. 

45; 

(approxi - 

mat ion 

for 

• q < 

Q(u6) 

and 

4 « 1 

given 

in  eq  (VI 

.5) 

p.  48) 

gl  is  zero 

CTjj  value  of  a for  \p  = Q,  given  in  eq  (V.43)  p.  46;  (approximation 

for  q < 0(u9l  and  <p  « 1 given  in  eq  (VI. 6)  p.  49) 


Pj_  is  zero 

Pjl  value  of  p for  ip  = 0,  given  in  eq  (V.44)  p.  46 


f Oil  = 


(v) 

dv 


v-u 


value  of  the  derivative  of  f(v)  with  respect  to 
the  variable  v at  the  point  v = u 


f[(ul 
fl  Cul 


value  of 
value  of 


f ' (u) 

f(u) 


for 

for 


, TT 
Ip  = J 

ip  = 0 


yalue  of  the  derivative  function  of  g(v)  with 
respect  to  the  variable  v at  the  point  v = u 


g|(u]  yalue  of  g'(u)  for  ip  = 


IT 


g'tul-2|M 


V=U 


2 


critical  yalue  of  k. 


k 51  4£i£q1  r j 

Q 1 A. .4 


u +1 


d>  critical  value  of  4 for  which  the  minimum  and  the  second 

c 

maximum  of  the  unpolarized  cross  section  fuse  in  an  inflection 
point 


< pQ  when  <p  approaches  the  value  <f>Q,  the  approximation  for  the 

unpolarized  cross  section  becomes  invalid 


<j>^  same  as  <t>  but  for  perpendicularly  polarized  cross  section 

same  as  <|>  but  for  perpendicularly  polarized  cross  section, 
expression  given  in  eq  (VI. 16]  p.  53 


*cll 

same 

as 

<f> 

yc 

but  for  parallel  polarized 

cross  section 

*01! 

same 

as 

<P 

0 

but  for  parallel  polarized 

cross  section,  used 

for 

k > 

ko; 

expression  is  given  in  eq 

(VI. 26)  p.  58 

*01, 

same 

as 

*0 

but  for  parallel  polarized 

cross  section,  used 

for 

k < 

z . approximation  for  the  position  of  the  minimum  of  the  unpolarized 

jm  1 1 1 2 

cross  section  in  the  variable  z in  the  region  z = 0(6^) 

zmini  same  as  z . but  for  perpendicularly  polarized  cross  section, 

expression  given  in  eq  (VI. 18)  p.  53 

zmi n||  same  as  znlin  but  f°r  P^ral lei  polarized  cross  section; 

expression  available  for  k>  k , given  in  eq  (VI. 28)  p.  59. 

For  k < k replace  <f>  2 by  - ¥ 2 

o P ^o||  J vo|| 


ix 


max 


approximation  for  the  positions  of  the  maxima  of  the 

2 

unpolarized  cross  section  in  the  region  z = 0(0  ) 


'maxi 


same  as  zmgx  but  for  perpendicularly  polarized  cross 
section,  expression  given  in  eq  (VI. 20)  p.  55 


'maxll 


same  as  zmax  but  for  parallel  polarized  cross  section, 
expression  given  in  eq  (VI. 30)  p.  61 


(2) 


quantity  appearing  in  the  expression  of  » expression 

given  in  eq  (V 1.22)  p.  56 


(2) 


quantity  appearing  in  the  expression  of  zmax(j  , expression 
given  in  eq  (VI. 32)  p.  61 


zmaxi  zeroth  order  approximation  for  zmaxi , expression  given 
in  eq  (VI. 19)  p.  55 


‘maxll 


zeroth  order  approximation  for  zmax(|  , expression  given 
in  eq  (VI. 29)  p.  60 
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I.  INTRODUCTION 


In  a recent  report  [1]^  we  presented  a detailed  analysis  of  the 
differential  cross  section  for  tagged  photons  in  the  range  of  energies 
and  angles  of  interest  for  experiments  currently  being  undertaken  at  the 
ALS  (Accelerateur  Lineaire  de  Saclay)  and  other  linear  electron  accelerator 
laboratories  [2-4].  In  that  report  we  derived,  starting  from  the  Bethe- 
Heitler  differential  cross  section  for  bremsstrahlung , an  approximate 
expression  for  the  cross  section,  valid  for  high  energies,  c,  of  the 
initial  and  final  electron,  and  small  angles,  0,  between  intial  electron, 

final  electron,  and  photon.  (See  fig.  1 and  section  III  for  kinematics.) 

2 

In  that  approximate  expression  we  neglected  terms  of  relative  order  1/e 
2 

and  0 . Terms  of  relative  order  1/e  and  0 were  retained  throughout. 

We  then  used  this  approximate  expression  to  examine  in  detail  the  cross 
section  in  the  region  of  particular  interest  for  experiments  utilizing 
tagged  photons,  viz.,  the  region  of  very  small  momentum  transfers,  of  the 
order  of  the  minimum  allowed  momentum  transfer.  We  saw  that  although  in 
general  the  differential  cross  section  was  very  large  in  this  region, 
there  was  a sharp  dip  in  the  cross  section  corresponding  to  momentum 
transfers  very  nearly  in  the  direction  of  the  emitted  photon  (qx  « q ). 
(See  fig.  2(a)). 

In  the  present  report  we  extend  our  investigation  of  the 
differential  cross  section  by  examining  the  polarization  of  tagged 
photons  emitted  by  a beam  of  unpolarized  electrons.  Paralleling  our 
recent  report,  we  now  start  from  the  differential  Born  approximation 


^Figures  in  brackets  indicate  literature  references  at  the  end  of  this 
paper. 


cross  section  for  polarized  bremsstrahl ung.  We  write  this  cross 
section  in  section  IV,  eqs  (IV. la)  and  (IV. lb),  in  terms  of  the  polar- 
ization vector,  e_,  of  the  photon,  in  a form  that  is  quite  similar  to 
that  of  the  Bethe-Heitler  cross  section.  Again  paralleling  [1],  we 
next  write  this  cross  section  in  a form  which  explicitely  takes  account 
of  the  large  cancellations  which  occur  for  small  momentum  transfers  in 
the  expression  for  the  cross  section  as  it  is  generally  written.  This 
is  done  without  making  any  high  energy  or  small  angle  approximations, 
and  is  presented  in  eq  (IV. 5).  For  the  consideration  of  the  polariza- 
tion we  then  write  the  cross  section  in  the  form 


A 


dfi„  dfi.dk 
p2  k 


k p1  (2tt  )' 


x |acos2iJ>  + 2Bcos^sim|j  + Csin^|  . 


(1.1) 


(See  eqs  (IV. la),  (IV. 5),  and  (IV. 6).)  Here  ip  is  the  angle  between 
the  photon  polarization  vector  e and  the  production  plane  (defined 
by  the  momentum  of  the  initial  electron,  £-| , and  the  photon  momentum, 
k_).  The  quantities  A,  B,  and  C,  which  depend  on  the  energies  and 
angles  of  the  electrons  and  photon,  are  given  by  eq  (IV. 11).  The  cross 
sections  dc^  and  da^  , appearing  in  the  conventional  definition  of 
polarization,  follow  directly  from  eq  (1.1):  The  cross  section  do^ , 

for  photons  whose  electric  vector  is  perpendicular  to  the  production 
plane,  is  given  by  eq  (1.1)  with  ip  = J , ({  } = { }±  = C).  The  cross 


2 


section  dc^  , for  photons  whose  electric  vector  is  in  the  production 
plane,  is  given  by  eq  (1.1)  with  ip  - it  (or  0),  ({  }=={  }^j  = A).  The 

polarization  is  discussed  in  section  II,  and  in  figs.  3(a)-3(h)  we  plot 
the  polarization  as  a function  of  the  angle  02  between  the  final 
electron  and  photon  momenta  for  various  values  of  the  azimuthal  angle  <|>, 
defined  in  fig.  1,  and  for  two  different  values  of  the  photon  energy,  in 
the  region  of  small  momentum  transfers. 

In  section  V we  derive  an  approximate  expression  for  the  cross 
section  given  in  eq  (1.1),  i.e.,  for  the  quantities  A,  B,  and  C,  valid 
for  high  energies  and  small  angles,  the  neglected  terms  being  of  0(l/e  ) 
and  0(0  ).  Once  again,  terms  of  0(l/c)  and  0(0)  are  retained 
throughout.  These  are  given  in  eqs  (V.21),  (V.22),  and  (V.25).  We  show 
explicitely  for  the  high  energy  small  angle  expressions,  that  A > 0, 

C > 0,  and  AC  - B >0,  which  insures  that  eq  (1.1)  is  positive.  From 
eqs  (V.22)  and  (V.25)  we  then  write  the  numerators  appearing  in  the  cross 
sections  do^  and  dCy  in  a form  similar  to  that  given  for  the  numerator 
of  the  cross  section  for  unpolarized  photons  in  eq  (VI. 49)  on  p.  66  of 
[1].  These  are  given  in  eqs  (V. 37)  and  (V.40).  We  then  have  our  high 
energy  small  angle  approximations  for  the  cross  sections  dc^  and  dc^  , 
which  have  a form  quite  similar  to  that  of  the  cross  section  for 
unpolarized  photons,  given  by  eq  (1.1)  on  p.  4 of  [1]: 


2 


[1  - F(q)]2  1 p2  1 


q4  k p,  (2tt)2 


3 


and 


2 


[1  - F(q)]2  1 p2 


da, 


k p1  (2tt)  2 


|f„  Cy)(v-u+a(|  )2  + g1(  (v )si n2^d>  + P||  | . (1.3) 


The  functions  f L , gx  , fj|  , , and  are  defined  in  eqs  (V .39)- 

(V.44).  All  other  variables  are  defined  in  section  III.  In  section  VI 
we  use  eqs  (1.2)  and  (1.3)  to  obtain  analytic  expressions  for  the  maxima 
and  minimum  of  each  of  these  cross  sections  in  the  region  of  small  momentum 
transfers,  following  closely  the  detailed  analysis  given  in  section  VII  of 
[1].  We  find  that  although  the  cross  sections  dax  and  da^  each  exhibit 
a sharp  dip  in  the  same  region  as  that  found  for  the  cross  section  for 
unpolarized  photons  in  [1]  Cq±  « q ),  the  minima  occur  for  slightly 
different  values  of  the  angle  Og.  [See  figs.  2(b)  and  2(c).)  The  polari- 
zation therefore  varies  rapidly  in  the  region  of  the  dip,  as  shown  in 
figs.  3(a)-3(h).  Furthermore,  the  behavior  of  do^  and  dc^  in  the 
region  of  the  dip,  as  a function  of  the  azimuthal  angle  4,  is  quite 
different  over  most  of  the  photon  spectrum  (that  region  given  by  condition 
(VI. 33)).  The  cross  section  dox  behaves  similarly  to  the  cross  section 
da  for  unpolarized  photons  (discussed  in  [1]),  in  that  as  <j>  increases, 
the  sharp  dip  vanishes,  the  minimum  fuses  with  the  second  maximum,  and 
the  cross  section  then  has  only  a single  maximum.  In  contrast,  the 
sharp  dip  in  the  cross  section  do^  remains  as  <p  increases,  provided 
condition  (VI. 33)  is  satisfied.  This  results  in  rather  large  polarization 
in  the  region  of  the  dip,  as  shown  in  figs.  3(a)-3(h). 


4 


Although  the  point  was  discussed  in  detail  in  [1],  we  stress  again 
that  we  are  dealing  here  with  the  completely  differential  cross  section; 
once  one  integrates  over  the  angles  of  the  final  electron,  as  required 
for  the  analysis  of  earlier  experiments  [5-9]  as  well  as  several  current 
experiments  using  polarized  bremsstrahlung  [10,11],  the  sharp  dip 
considered  here  and  in  [1]  no  longer  appears. 
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II.  POLARIZATION 


The  required  expressions  for  the  polarization  may  all  be  obtained  directly 
from  eq  (1.1).  Relating  this  to  the  conventional  definition  of  polarization, 
the  cross  section  for  photons  whose  electric  vector  is  perpendicular  to  the 
production  plane,  dc^  , is  given  by  eq  (1.1)  with  ip  = j . The  cross  section 
for  photons  whose  electric  vector  is  in  the  production  plane,  da^  , is  given 
by  eq  (1 . 1 ) with  ip  = tt.  The  polarization,  P,  is  then  defined  by 


P = 


do^  - dC|| 
dox  + da,. 


(II. 1) 


C - A 
C + A 


(II. 2) 


In  the  expression  (II. 1)  for  the  polarization,  and  in  figs.  3(a)-3(h)  giving 
the  polarization  as  a function  of  62,  it  is  assumed  that  the  directions  of 
the  incident  beam  and  the  emitted  photon  are  defined  with  infinite  precision, 
and  thus  that  the  production  plane  is  perfectly  defined.  In  an  actual 
experiment,  however,  the  incident  beam  has  a finite  angular  spread  and  the 
photon  detector  has  a finite  size.  The  observed  polarization  will  then 
depend  on  the  details  of  the  experimental  set-up.  Although  we  will  not 
enter  into  these  considerations  in  this  report,  it  should  be  noted  that  they 
are  undoubtedly  of  importance  for  those  angles  for  which  the  polarization 
varies  very  rapidly  (see  figs.  3(a)-3(h)).  If,  however,  it  were  possible  to 
perform  a coincidence  measurement  which  was  essentially  differential  in 
the  angles  of  the  final  electron  as  well  as  the  emitted  photon,  then  we 
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could  define  a polarization  referred  to  two  axes  which  are  orthogonal, 
but  arbitrarily  oriented  with  regard  to  the  plane  of  scattering: 


da , - da , , , 

p = ^ ijj+SglT 

^ da.  + da.  t 

Ip  lp+%IT 


where  da^  is  the  cross  section  given  by  eq  (I. 
this  same  cross  section  with  ip  replaced  by  ip 
P,  defined  in  eq  ( 1 1 . 1 ) is  then 


Then  from  eq  ( 1 . 1 ) 

[Acos^ip  + 2Bcos^simp  + Csin^]  - [Asin^if> 

p = 

^ [Acos^ij;  + 2Bcosipsim|i  + Csin^]  + [Asin^ 

(A-C)cos2i|i  + 2Bsin2i|i 
A + C 

• /(A-C)Za  : f C0S2(^0)  . 

where 


A-C  = /(A^C)^+4B^  cos 2^ 


(11. 3) 

)»  and  dV^  is 

%ir.  The  polarization, 

(11. 4) 


2 

2Bsinipcosip  + Ceos  41] 
2 

2Bsini(icosi(j  + Ceos  i|i] 


(II. 5) 


(II. 6) 
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(II. 7) 


2B 


= j/(A- 


C)2  + 4B2  sin2^ 


tan2*0  - ^ 


(II. 8) 


Thus  if  we  choose  ip  = ipQ  or  ip  = \pQ  + %rr  then  we  have 


= /(A-C)2  + 4B2 
A + C 


/(A+C)2  - 4(AC-B2) 


(A+C) 


4(AC-B^) 


(A+C)‘ 


(II. 9) 


This  is  the  maximum  polarization  that  can  be  obtained  for  specified 
energies  and  momenta  of  the  final  electron  and  photon.  We  note  from 
eqs  (II. 2)  and  (II. 9)  that 


pi  = i = 1 

yo 


(II. 10) 


In  figs.  3(a)-3(h)  we  plot  P as  a function  of  the  angle  between 
the  final  electron  and  photon  momenta  for  various  values  of  the 
azimuthal  angle  <|>,  defined  in  fig.  1,  in  the  region  of  small  momentum 
transfers. 


8 


III.  KINEMATICS 


In  this  section  we  present  the  details  pertinent  to  the  kinematics 

and  define  the  various  quantities  which  are  used  throughout  this  report. 

Unless  specified  otherwise,  we  take  energies  to  be  in  units  of  the 

2 

electron  rest  energy,  me  , and  momenta  in  units  of  me.  We  have 

£p£-j  : Energy  and  momentum  of  the  incident  electron 

2 2 

(or  positron)  (e^  - £-|  =1). 

,2_2  : Energy  and  momentum  of  the  final  electron 

2 2 

(or  positron)  (eg  - £g  = !)• 

k,  k_  : Energy  and  momentum  of  the  emitted  photon. 

£ = £-|  " £2  " — : Momentum  transferred  to  the  target  nucleus. 

The  energy  transferred  to  the  nucleus,  which  is  in  general  qg  = e-j  - £g  “ 
is  taken  throughout  this  report  to  be  zero,  as  in  the  Bethe-Heitler  cross 
section.  This  is  equivalent  to  the  assumption  of  an  infinitely  heavy 
target  nucleus.  We  thereby  neglect  the  effects  of  the  recoil  of  the  target 
nucleus,  both  kinematic  and  dynamic  (this  latter  due  to  photon  emission 
by  the  nucleus).  For  high  energies  and  small  angles  (in  which  case 
q < 0(u)),  these  effects  are  completely  negligible,  since  they  give 
contributions  of  relative  order  qZ(m/M)  in  the  region  of  the  dip,  and 
less  elsewhere,  M being  the  mass  of  the  target  nucleus. 

In  the  system  with  z-axis  in  the  direction  of  k_,  the  angles  of 
£-j  are  (0^,cj)^),  the  angles  of  £^  are  (e^,^).  These  vectors  are 
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shown  in  fig.  1.  The  components  of  £|  and  ^ 
are  then 


“ = £-11 
1 = £-21 

The  angle  between  the  vectors  £ and  £,  which 
perpendicular  to  k_,  is  then 


( P $2  ~ ^i 

The  component  of  £ perpendicular  to  k_  is 

^ = u - v . 

We  have  then 

2 2 2 
qi  = u - 2uv  cost})  + v 

The  component  of  £ in  the  direction  of  k_  is 

qz  = Pi  cos 6 -j  - P2<:os02  - k . 


perpendicular  to  k 


(ni.i) 


lie  in  the  plane 


(III. 2) 


(III. 3) 


(HI. 4) 


(HI. 5) 


The  magnitude  of  the  vectors  and  v_  is  given  by 


u 


= p-j  si  n0-j 


(III. 6) 


u 


v = lyj  = P2Sin02 


Throughout  the  analysis  given  in  this  report  we  use  the  coordinate 
system  with  z-axis  in  the  direction  of  k. 
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IV.  BORN  APPROXIMATION  DIFFERENTIAL  CROSS  SECTION 
FOR  POLARIZED  PHOTONS  EMITTED  BY  UNPOLARIZED  ELECTRONS 


The  differential  Born  approximation  cross  section  for  polarized 
photons  emitted  by  unpolarized  electrons  was  first  given  by  May  [12] 
and  by  Gluckstern,  Hull,  and  Breit  [13].  However,  we  choose  to  write 
this  cross  section  in  terms  of  the  polarization  vector  e of  the 
photon.  Its  form  is  then  similar  to  that  of  the  Bethe-Heitler  cross 
section,  and  the  fact  that  the  sum  over  polarization  states  gives  the 
Bethe-Heitler  cross  section  may  then  be  seen  by  inspection  (compare 
eq  (IV. 1)  on  p.  22  of  [1]): 


(IV. la) 


where 


(£.,.  e)2  (4e22  - q2)  + (£2*  e)2  (4e.,2 


2 


(e-|  - p^cos0^)(e2  - p2cos02) 


(e-j  - p-|COS0^)(e2  - p2cos©2) 


+ 


(IV. lb) 


We  note  here  that  the  first  three  terms  depend  on  the  photon  polarization 
but  that  the  last  term  does  not.  This  last  term  therefore  differs  from 
the  corresponding  term  in  the  Bethe-Heitler  cross  section  (eq  (IV. 1)  on 
p.  22  of  [1])  by  a factor  2,  which  appears  only  after  summing  over 
polarization  states.  Further,  and  more  significantly,  we  note  that  the 
first  Born  approximation  cross  section  for  photons  emitted  by  unpolarized 
electrons  does  not  have  any  terms  correlating  the  momenta  of  the 

2 

particles  with  the  circular  polarization  of  the  photon  (of  the  form 
(ie_  x e*)  • (u  x v),  where  £ and  v_  are  the  components  of  £j  and 
£2  perpendicular  to  the  photon  momentum,  JO . Thus  in  first  Born 
approximation  we  have  only  linearly  polarized  photons.  This  result 
follows  from  the  invariance  of  the  cross  section  for  electromagnetic 
interactions  under  both  space  and  time  reversal,  as  has  been  discussed 
in  detail  by  Kolbenstvedt  and  Olsen  [14]  and  Olsen  and  Maximon  [15]. 
Although  in  principal  one  can  have  a correlation  between  the  circular 
polarization  of  the  photon  and  the  momenta  of  the  particles  in  higher 
order  Born  approximation,  this  effect  vanishes  for  bremsstrahl ung  at 
high  energies  and  small  angles,  [16];  i.e.,  if  we  neglect  terms  of 
0(l/e)  and  0(0).  The  circular  polarization  of  photons  emitted  by 
unpolarized  high  energy  electrons  at  small  angles  is  thus  negligible. 

Only  in  the  case  of  pair  production  can  one  produce  strongly  polarized 
particles  from  an  initially  unpolarized  particle  at  high  energies  [17]. 

We  return  now  to  the  expression  appearing  in  the  numerator  of  the 


cross  section,  | as  given  in  eq  (IV. lb),  and,  in  analogy  with 
section  VI  of  [1],  write  it  in  the  form 
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where 


2e0  u*e  2e^  _v*.e 


- q 


2 /iL*ji  v.*6n 

dl  d2 


+ k 


(u-v)' 


2 ^ 


dld2 


(IV. 2) 


dl  = £1  ” P-|COS0^ 


d ^ ^2  "*  P2C0S® 2 


(IV. 3) 


Again  we  define 


€ = 


2eidi 


n = 


202^2 


(IV. 4) 


The  expression  for  j may  now  be  written  very  simply  in  terms  of 
£ and  n : 

| | = 4k^e-j£2(M.“V.)^?n  + 16e-|  ^£2^(u.*e£  - y_*eji)^ 


2 2 
- 4q  (e-|  u_-e£  - £2  v_-en) 


(IV. 5) 
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It  is  worth  noting  from  this  expression  that  for  u_  = v_  (u  = v and 
<t>  = 0),  i.e.,  for  qx  = 0,  we  can  write 

| | = |l6ej2e22U-n)2  - 4q2(e^  - e2n)2J  (u-e)2  . 

The  linear  polarization,  P,  defined  by  eq  ( 1 1 . 1 ) is  therefore  -1  for 
qi  = 0,  since  then  do,  = 0 (e  l u).  Although  the  point  at  which 
qx  = 0 does  not  correspond  exactly  to  the  minimum  of  the  cross  section, 
the  dip  discussed  in  [1],  it  occurs  in  the  region  of  the  dip.  We  may 
thus  expect  strong  linear  polarization  of  photons  emitted  in  the 
region  of  the  dip  where  qx  « q . (See  figs.  3 (a) -3(h).) 

Finally,  we  note  that  the  expression  for  j j , eq  (IV. 5),  can  be 
written  in  terms  of  the  polarization  angle  ip  in  the  form 

| | = Acos2^  + 2Bcostpsin^  + Csin2^  . (IV. 6) 

Here  we  have  defined  the  polarization  angle  ip  by 

u/£  = u cosi|>  (|ej  = 1)  , (IV. 7) 

i.e.,  we  measure  the  angle  of  the  polarization  vector  e,  which  lies 
in  the  plane  perpendicular  to  Jc,  from  the  plane  defined  by  £j  and 
k (see  fig . 1 ) . 

Then 


v*e  = v cos(ip  - $)  . 


(IV. 8) 
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The  expressions  for  | j appearing  in  eqs  (1.2)  and  (1.3)  in  the 
numerator  of  the  cross  sections  dc^  (for  which  ip  = j ) and  dO|( 
for  which  ip  = tt)  follow  at  once  from  eq  (IV. 6): 

For  dax 


• = C . (IV. 9) 

I 


= A . (IV. 10) 

II 

Proceeding  now  to  the  explicit  evaluation  of  the  coefficients  A, 

B,  and  C in  eq  (IV. 6),  we  substitute  eqs  (IV. 7)  and  (IV. 8)  in 
eq  (IV. 5),  which  gives 

u/e£  - v/eri  = u^cos^  - vncos(i|;  - (J>) 

= (u^  - vncos(j))cosip  - vnsin^simj; 

and 

e-j u_*e_£;  - = (£-]u5  " £2vriC0S^^C0S^  “ £;2vr|S1'n(®)S1'n^  * 

2 2 

Thus,  multiplying  the  first  term  in  eq  (IV. 5)  by  (cos  ip  + sin  ip) , 


{ H 

For  day 

< H 
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4k^£20i  " v.)^n(cos2ip  + sin^) 

2 2 2 
+ 16e-j  £2  I(u£-vncos4>)cos^  - vrisin^sin^] 

2 2 
-4q  [(e^u^-^uncos^cosij;  - £2Vqsin<J)Sini|/3 

2 2 
= Acos  ip  + 2Bcos^sim|;  + Csin  ip 

where 

2 2 2 2 2 2 2 
A = 4k  ^ ^ + ^ei  e2  (u?_VflCOS(l))  " 4q  (£-|U£-£2VncoS(|)) 

2 2 2 

B = [- 1 6e-j  £2  (u^-vncos<J))vri  + 4q  (e-j  uC-egVncos^EgVTiJsi 
C = 4k^£i£2Cu-v.)^?n  + 1 6e  1 ^£2^v^n^sin%  - 4q2£22v2n2sin2$  . (IV. 11) 

We  note  that  if  one  integrates  the  cross  section  over  the  angle  <j> 
of  the  final  electron,  then  the  integral  of  the  term  with  the  factor  B 
is  zero.  This  follows  from  the  fact  that  this  term  has  the  factor  sin<|> 
and  that  its  only  other  dependence  on  <p  (e.g.,  through  q ) is  a 
function  of  cos4>.  Thus  on  integrating  over  the  angles  of  the  final 
electron  we  have  an  expression  of  the  form 

Acos2^  + Csin2^  = A + (C  - A)sin24»  , (IV. 12) 

as  should  be  expected  [5], 
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In  the  following  section  we  derive  the  high  energy  small  angle 
approximation  to  j j , i.e.,  we  obtain  approximations  for  A,  B, 
and  C valid  for  high  energies  and  small  angles. 
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V.  HIGH  ENERGY  SMALL  ANGLE  APPROXIMATION 


TO  THE  DIFFERENTIAL  CROSS  SECTION  FOR  POLARIZED  PHOTONS 


We  now  consider  the  high  energy  small  angle  approximation  to  | 
as  given  by  eq  (IV. 5).  Noting  the  similarity  of  eq  (IV. 5)  to  the 
expression  (IV. 4)  in  [1],  we  may  follow  step  by  step  the  analysis  given 
there  with  very  little  modification.  For  the  last  term  in  eq  (IV. 5)  we 
then  find,  from  pp.  50-54  of  [1],  terminating  in  expression  (VI. 28)  of 
[1],  the  high  energy  small  angle  approximation 


Again  following  [1],  we  have,  from  eq  (VI. 29)  on  p.  54  there,  the  high 
energy  small  angle  approximation  to  the  first  term  in  eq  (IV. 5),  viz., 


(V.l) 


(V.  2) 


where 


5 ■ «0  ■ 5 


n = n0  - ni 


(V.3) 


and 
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1 


1 


1 


n0 


% 9 

2e-j  (e-j+p-jCOsS-i ) 4e-|‘‘ 

1 1 

n = as  — 

2£2(£2+P2cos02^  ^e2 


(V.4) 


Finally,  we  obtain  the  high  energy,  small  angle  approximation  for  the 
second  term  in  eq  (IV. 5).  Substituting  eq  (V.3)  in  (IV. 5)  we  have 


2 2 2 2 2 2 
1 6e-|  (£•.££  * v-en)  = 16c,  e0  (u*e£n  - v*enn) 


•1  c2  v-  -s0  --'0' 


2 2 

- 32e-|  e2  (_u-eCQ  - u*en0) (.u^  - v/en-, ) 


2 2 2 
+ 16e-j  £2  ) 


2 2 2 
16e-j  £2  (u/eCg  “ 


+ 8k(£-1+£2)(£-eC0  - v.-en0)(_u*e) 


k(£]+£2) 


£1£2 


(u-e)  . 


(V.5) 


2 2 

Here  we  have  neglected  terms  of  order  1/e  and  0 relative  to  those 
retained,  as  on  pp.  54-59  of  [1].  The  last  three  lines  are, 
respectively , of  0(e45^q12),  OCA^),  and  0(u2),  as  in  eq  (VI. 20) 
on  p.  48  of  [1]. 
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We  now  have,  in  eqs  (V.2),  (V.5),  and  (V.l),  the  high  energy  small 
angle  approximations  to  the  first,  second,  and  third  terms  in  eq  (IV. 5), 
respectively.  We  thus  have 


positive.  This  aids  later  in  the  analytical  determination  of  the  maxima 
and  minima  of  the  polarization  as  a function  of  the  angles  of  the  final 
electron  and  photon.  It  also  eliminates  the  large  cancellations  which 
otherwise  arise  in  the  numerical  evaluation  of  the  cross  section.  To 
this  end  we  write 


(V.6) 


We  next  write  the  expression  for  < > in  a form  that  is  manifestly 


(V . 7) 


Substituting  eqs  (IV. 7)  and  (IV. 8)  in  (V.6)  we  have 
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U V 

u/e^Q  - v^-erin  = j C0Sl^ 2 cos^  ” 

1+u  1+v 


and  thus 


j costy j cosi|;cos<j> o sim|>sin<f> 

Itu  1+v  1+v 


U V V V 

s-  cost p j cosiJj  + j (l-cos<|))cos^ s i mps i n<$> 

1+u  1+v  1+v  1+v 


u-e?0  - v-en0  ■ . 


u 


v \ 2vcosi \>  2 2v 

ojcosip  + p—  s i -k  sin4isin^<j)COS%4> 

1+v  / 1 +v<”  1+v"1 


= ((u-v)(l-uv)^0n0  + 2vn0sin2^  cos  ip 


- vrigSin^simj; 


(V.8) 


Substituting  eqs  (IV. 7),  (V.7),  and  (V.8)  in  (V.6)  we  obtain 


| | * 4k2£-j£2^ori0^u"v^2  + 4uvs1n2^40 


,,  2 2 
+ loe-j  £2 


p ^ ( °i  "*"^2  ^ 

(u-v)(l-uv)£nnn  + 2vnnsin  h<\>  + 2 — 2“  I cos ^ 


00  "'"0 
- vrigSin^sin^j 


4£-j  £2 


2 2, 
U COS  if) 


(V.9) 
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At  this  point  we  note  that  if  this  high  energy  small  angle  expression 
for  | | is  summed  over  the  polarization  states  of  the  emitted  photon 

(adding  its  value  for  a given  ip  to  its  value  with  \p  replaced  by 
ip  + Jgir)  then  the  result  is  independent  of  ip  and  is  equal  to  the 
expression  obtained  earlier,  in  II].  For  the  first  term  in  eq  (V.9)  we 
then  obtain 


8k2£-j£2^QTiQ[(u-v)2  + 4uvsin2^]  , (V.10) 

which  is  the  term  given  in  [1],  p.  54,  eq  (VI. 29).  For  the  last  term 
in  eq  (V.9)  we  have 


2 2 
u cos  (ip 


+ %rr)  = 


(V.ll) 


which  is  the  term  given  in  [1],  p.  54  eq  (VI. 28).  Finally,  we  note 
that  the  second  term  in  eq  (V.9)  is  of  the  form 


(acosij;  + bsin^)' 


Summing  over  polarization  states  then  gives 


2 2 
(acosij;  + bsimjj)  + (acos(4i  + ) + bsin(4>  + %tt)) 


2 , 2 
= (acosV;  + bsimp)  + (-  asimj;  + bcos^) 


2 2 
= a + b 
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Therefore  from  the  second  term  in  eq  (V.9)  we  have 


,,  2 2 
loci 


, 2 2 
I o£-j 


2 k(ei+C2)u  \ p 2 2 

(u-v)(l-uv)£0n0  + 2vn0sin  ^ ^ — f + v nQ  sin  <j> 


£2 


,2.  2 2 


2 

(u-v)  (1-uv)  C0  n0  + 4(u-v)(l-uv)c0n0vn0sin  ^ 


2 2 4 2 2 2 

+ 4v  n0  si n %4>  + v n0  sin  <t> 


/ 2 \ 2I<(£i+£2^u 

+ ((u-v)(1-uv)€0n0  + 2vn0sin  %4>) ^ 

' ' 4e-j  £2 


, 2,  A s2  2' 

k ( £ -j  +£  2 ) U 

,,4  4 

I 0£ 1 £2 


( v . 1 2 ) 


In  the  first  term  in  the  square  bracket  above  we  may  write 

( 1 - uv ) 2 = 1 - 2uv  + u2v2 

= (l+u2)(l+v2)  - (u+v)2 

and  hence 

(u-v)2(l-uv)25Q2n02  = (u-v)2?0n0  - (u2-v2)  C02nQ2  . ( V . 1 3 ) 

The  next  three  terms  in  the  above  square  bracket  are 
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2 2 2 4 2 2 2 

4(u-v)(l-uv)^0nQvn0sin  h<$>  + 4v  nQ  sin  h<$>  + v nQ  sin  <p 


The  last  two  terms  here  combine  to  give 


4v2n02sin\(j)  + v2n02sin2(}>  = 4v2n02si  n2%4>(si  n2^4>  + cos\cp ) 


2 2 2 
= 4v  rig  sin  ^4 


Adding  this  to  the  first  term  we  have 


2 2 2 2 

4(u-v)(l-uv)£0n0vn0sin  h<\>  + 4v  nQ  sin 


= 4vn02sin2%4>[(u-v)(l-uv)?0  + v] 


4v£0n02sin2%(j>[(u-v)(l-uv)  + v(l+u2)] 


* 4vSon0Zsin2!^[u(l+v2)] 


2 

4uvC0n0sin  %j> 


Adding  this  to  the  expression  (V.13)  we  have,  for  the  first  four  terms 
in  eq  (V.12) 


£ 

50n0[('J-v)2  + 4uvsin2^]  - (u2-v2)  C02nQ2 


= (u-v)2?0n0  - (u2-v2)  ?02n02  , (V.14) 
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which  is  the  expression  in  square  brackets  in  £1],  p.  59,  eq  (VI. 38). 

Next  we  observe  that  the  last  term  in  eq  (V.12)  is,  together  with 
2 2 

the  factor  16e-|  z^  outside  the  square  bracket. 


k(c,  + c2)\2  2 


(V.l 5) 


which  is  the  last  term  in  [1],  p.  59,  eq  (VI. 38). 

Finally  we  have  the  remaining  term  in  eq  (V.12),  viz.,  (including 
2 2 

the  factor  16e^  z^  ), 

8k(£-|+£2)  u ((u-v)(l-uv)£0n0  + 2vn0sin2^  . (V.16) 

2 2 

We  note  that  the  term  here  with  factor  sin  is  of  0(1  /z  ) relative 
to  the  term  with  this  same  factor  in  eq  (V.14)  (when  we  include  the 
overall  factor  16e^  z^  in  this  latter  term).  It  may  therefore  be 
neglected.  We  are  then  left  with 

8k(c-1+£2)  u(1-uv)CqT1q(u-v)  . (V.17) 

Here  we  note  that  we  may,  in  the  factors  multiplying  (u-v)  in  eq  (V.17), 

2 

set  v = u,  again  neglecting  terms  of  0(l/e  ) relative  to  terms 
retained  in  eq  (V.14).  Thus  we  may  write 

1 - uv  » — ( u 2 — 1 ) 
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and 


(u+v) 


giving,  for  eq  (V. 17) , 


- 4k(e1+£2)(u2-l )£0n0(u2-v2) 


(V. 18) 


which  is  the  second  term  in  [1],  p.  59,  eq  (VI. 38). 

Our  expression  (V.9),  when  summed  over  any  two  orthogonal  polar- 
ization states,  thus  indeed  gives  the  expression  for  | j*  derived  in 

2 2 

[1],  with  neglect  of  terms  of  relative  orders  1/e  and  0 . 

We  now  return  to  the  task  of  writing  the  expression  for  | | in 

a form  that  is  manifestly  positive.  It  is  clear  that  the  original 
expression  for  | eqs  (IV. la)  and  (IV. lb),  before  making  the  high 

energy  small  angle  approximations,  can  not  be  negative  since  the  cross 
section  can  not  be  negative.  We  wish  to  show,  however,  that  our  high 
energy  small  angle  approximation  does  not  introduce  errors  such  that 
the  expression  for  -j  | then  becomes  negative  for  certain  values  of 
the  variables.  Since  this  involves  rather  tedious  algebraic  manipulation, 
the  reader  may  wish  to  skip  to  p.  44.  To  this  end  we  note  that  eq  (V.9) 
may  (after  multiplying  the  first  term  there  by  (cos  ip  + sin  i>))  be 
written  in  the  form 


Acos2ip  + 2Bcosips  i nip  + Csin2ip 


(V. 1 9) 


where 
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A = 4e1£2^0n0Ik2  + 4£-|£2Cl-uv)2^0n0J(u-v)2 


+ 32£12£22(l-uv)C0riQ 


« k(£-|+£p)u 

2vnQsin%j>  + 2 "2 

4£i^£2 


(u-v) 


, le;  2 2 
+ I D£ i £2 


2 k(£,+£~)u 

2vr)gSin  + 


12 


A 2 2 
4£.j  £2 


2 2 
+ 4k  £-|£2^qT1q  • 4uvsin 


2 2 

B = - 16e1  £2  vrigSinc}) 


2 k ( £ -I  +£  2 ) u 

(u-v)(l-uv)C0n0  + 2vnQsin  k<P  + 2 — T 


A 2 2 
4£-j  £2 


C = 16£-|2£22v2riQ2sin2(t)  + 4k2£-|  £2E>q1q[  ( u-v)2  + 4uvsin2^cj)] 

Clearly  C > 0.  Let  us  next  show  that  A > 0.  Completing  the 
in  eq  (V.20)  we  have 


(V.20) 


, (V.21) 


(V.22) 


square 
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A = 4e1e2S0n0  [k* 2  + Ae^O-uv)]2?^] 


4e-|£2  ( 1 -uv ) |2vriQSin 


+ k±C € 


u-v  + 


/,  2 2 
4e^  £2 


k2  + 4£1£2(l-uv)2^0n0 


4£1£2^Qn0  [4£1£2(l-uv)]' 


2 k ( £ -j  +£  o ) U 

2vnQsin^(j)  + 2-  2 


12 


4e^  £2 


k2  + 4£1£2(l-uv)250n0 


-,r  2 2 

+ ID£-|  £2 


2 k(£,+£2)ll 

2vn0sin%j>  + 2 2 

4e^£2 


12 


2 2 
+ 16k  ^E^QfiQUVSin  %j>  - 


;le2  ) 


Adding  the  second  and  third  terms  in  eq  (V.23)  we  have 


(V.23) 
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,c  2 2 

loe;^  £2 


2 k (e-.  "*"£o  )u 
2vrigSin^  + 2 — 2“ 


4e-|  £2 


k2  + 4£1£2(l-uv)250n0 


k2  + 4£1£2(l-uv)2?0n 


-4£1£2  (1-UVJ^qTIq 


,,,2  2 2 
16k  £-|  £2 


2 k ( £ -I  +£  2 ) U 

2vn0sinS<f>  + — 2 

4e,  £2 


k2  + 4£1£2(l-uv)2C0n0 


We  now  have 


A = 4£1£2^0n0  [k2  + 4£1£2(1-uv)]2C0tiq] 


u-v  + 


4e^£2  (1-uv) 

2 k(£,+£2)u 

^vrigS  1 n 'S’r  ^ 2 2 

4e^  £2 

k2  + 4£-j  £2(l-uv)  2^onQ 

,,.2  2 2 

16k  £-j  £2 


2 k ( £ -i  +£  2 ) u 

2vnQsin  h<p  + ^ — 2~ 


i2 


4e-j  £2 


k2  + 4£-|£2  (l-uv)250n0 


2 . 2 
+ 16k  £ -j  £2^onOuvs i n ^ " 
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Here  we  add  the  second  and  fourth  terms  and  obtain 


2 2 2 
16k'  e2 


o k ( £ -I  o)u 

2vn0sin  ^ + 2 — 2“ 


4ei  £2 


k2  + 4£1e2(l-uv)2C0rio 


1CI2  2 2 
16k  e-|  £2 


22  n k(£i+£2)u  2 

4v  rig  sin  $ + ^ — 2 — vrigS i n 


£1  £2 


■ 4 / x v2  2 
k ( £ 1 "^£2 ) u 

2 2 
£1  £2 


k2  + 4£1£2(l-uv)250n0 


1 


[k2  + 4£1£2(l-uv)2C0n0] 


2 2 2 
16k  £-j  £2 


224  k(£,+£2)  2 

4v  rig  sin  ^ — y~  uvnQsin  h<$> 


- 4^1 ^2 ^ ^ ~uv ) £0n0  I u 


el  £1 


,.4  2 

4k  e^£2u 

2 2 
£1  £1 
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The  last  two  terms  in  the  last  square  bracket  in  the  last  expression  are 


4kV 


£1£2 


1 - 


(l-uv)‘ 


0+uZ)(l+v2) 


-,4  2 
4k  u 


£1£2 


?0n0  [(l+u2)(l+v2)  - (1-uv)2] 


4k4u2CQn0(u+v)2 


£1£2 


Thus  we  have 


A = 4£1e2^0n0[k2  + 4e1£2(l-uv)2C0rig] 


4e^c2(1-uv) 


u-v  + 


2 k(£-,+£2)u 

I 4-  , — ... 


2vnQsin  k<$>  + 2 2 

4e.j  e2 


k2  + 4£1£2(l-uv)250n0 


2 2 
+ 16k  E-jE^QfigUVsin  k<t> 


,,.2  2 2 
16k  £ -|  c 2 


[k2  + 4e^£2(l-uv)2^0noJ 


2 2 4 k(c-|+c2)  . 2 

4v  nQ  sin  %<p  + 2 — uvnQsin 

£ 1 z2 


k2u2gQn0(u+v)2 

4e13e23 
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This  expression  may  be  simplified  somewhat.  In  the  last  square  bracket 

2 

in  eq  (V.24)  the  term  with  factor  sin  h<\>  gives  a contribution  to  A 
2 

of  order  1/e  relative  to  the  second  term  in  eq  (V.24),  which  also 
2 

has  a factor  sin  h<p.  It  may  therefore  be  neglected.  In  this  same 

2 

square  bracket  the  last  term  gives  a contribution  to  A of  0(u  ).  It 

2 4 

is  therefore  of  0 (4>  /e  ) relative  to  the  second  term  in  eq  (V.24). 

It  need  be  retained,  therefore,  only  if  cj>  < 0(l/e  ).  But  in  that  case 
it  is  negligible  relative  to  the  first  term  in  eq  (V.24),  unless 
u-v  < 0(u/e  ).  We  may  therefore  set  v = u and  n0  = Cq  in  the  last 
term  in  eq  (V.24).  We  then  obtain 


A = 4e1£2C0n0  [k2  + 4£1e2(l-uv)2?0n0] 


4e-j£2  (1-uv) 


u-v  + 


2 k ( £ -I  +£  2 ) u 

2vn0sin%j>  + ^^2“ 


il  2 


4£-j  £2 


k2  + 4£1£2(l-uv)2C0n0 


2 2 
+ 16k  £ i £ 2 ? qTI g u v s i n 


t 2 2 2 

16k  £ -j  £2 


[k2  + 4£1£2(l-uv)2^0n0] 


,2C  2 4' 

224  K ’0  u 
4v  nQ  sin%j>  + ^ — 3 

£1  £2 


(V. 25) 
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Thus  we  also  have  A > 0.  We  may  now  write  eq  (V.19)  in  the  form 


= [ ( Acosi|^  + Bsimj;)2  + (AC  - B2)sin2ijj]  , (V. 26) 

from  which  we  see  that  the  expression  for  | ^ will  be  positive 

provided  that 


AC  - B > 0 . 


(V.27 ) 


We  therefore  return  to  the  expressions  ( V . 20 )- (V . 22 ) for  A,  B, 

2 

and  C,  and  show  directly  that  AC  - B >0.  From  eq  (V. 22)  we  may 
wri  te 


AC  - B2  = 4k^£-j£2?ori0^u"v^  + 4uvsin2%4>]  * A 


, 2 2 2 2 . 2,  . d2 
+ 1 6e -j  £2  v Dq  sin  4 • A - B , 


and  from  eqs  (V. 20)  and  ( V . 21 ) 


A = 4k2£1£2£0n0[(u-v)2  + 4uvsin2^]  - u 


2 2 

B = 16e-j  e2  vrigSincf) 


« k(e-j+e?)u 

(u-v)(l-uv)^0nQ  + 2vn0sin  + 2 — 2" 

4e-| 


and 


22222  2 22222 
16e1  e2  y n0  sin  * A - B = 16^  e2  v nQ  sin  <|> 


4k2£1£2^onO^U"V^2+4uvSln2^^ 

/ 2 \2 
/ r \ 2 

u 


V£l£2, 


Therefore 


AC  - B2  = 4k2 


2 2 

£l£2^0n0^u”v)  + 4uvsin  ^ * A 


+ 16£-I2£22v2n02sin2(j)  ^k2£1£2C0n0[(u-v)2  + 4uvsin2%cf)]  - 
= 4k2£1£2C0nQ[(u-v)2  + 4uvsin2ii(j)] 


X < 


,,  2 2 
1 0£-j  £2 


(u-v)2(l-uv)2502n02  + 2(u-v)(l-uv)C0n0(2vn0sin2%4)  + ]2  22 


22  4 9 ^ £ l p ) U 

+ 4v  nQ  sin  %<{)  + 4vnQsin  • ~i±T~ 

4e-j  £ 2 


4k2£1£2C0n0[(u-v)2  + 4uvsin2^] 


+ 4k2£-|£250nQ[(u-v)2  + 4uvsin2^] 


k2C£]+£2)2u2 


2 2 
£1  £2 


4e  -j  £ 2 


+ 16k2£-j2£22v2riQ2sin2(l)  • 4k2£-j £2^griQ[ ( u- v ) 2 + 4uysin2^4>] 

2 


2 22  2.2, 

l°£-j  £2  v rig  sin  4>  • 


(44 


(V. 28) 
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2 2 ^(e, +&2 ^ ^ 

In  the  expression  just  given  for  AC  - B , the  term  4vriQSin %<p  * ^ — 2~ 

4e,  ^2 

in  the  large  square  bracket  within  the  curly  brackets  is  of  order 

2 2 
1/e  relative  to  other  terms  with  a factor  sin  %f>  and  thus  may  be 

neglected.  Next  we  note  that  the  terms  in  the  second  square  brackets 

in  the  second  line  may  be  simplified  in  that 

k2(e1+e2)2u2  ( k2 

2 2 1 

£ 1 £ ^ \ £ 1£2 

The  sum  of  the  second  and  fourth  lines  in  eq  (V. 28)  is  therefore 

4k2u2 

4k2e^£2CQriQ(u-v)2  + 16k4u2[CQriQ4uvsin2^(j)  - v2qQ2si n2(f>3  . 

£1£2 

The  second  line  here  is 

4 2 2 2 

16k  u • 4sin  hp  • vtiq[u£q  - vrigcos 

4 2 2 2 

= 16k  u • 4sin  h<p  • vnQ[(u£0  - vtiq)  + vrigSin  h<p] 

Here  u6Q  - vn0  = 0( (u-v )Cq ) • Therefore  we  have  terms  here  of 
0(e%2(u-v)/u)  and  0(e4cf>4).  But  we  have  other  terms  in  AC  - B2,  of 
0(e8?02(}>4).  Therefore  the  terms  of  0(e%4)  may  be  dropped.  We  also 

p C p 

have  terms  in  AC  - B of  order  e cp  ^(u-yj/u.  Therefore  the  terms 


2 

u = 


n ,2  2 

4k  u 


£1£2 
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4 2 

of  0(e  <j>  (u-v)/u)  may  be  dropped.  Thus,  neglecting  terms  of 

2 2 

relative  orders  1/e  and  0 , the  only  term  to  be  retained  from  the 
second  and  fourth  lines  in  eq  (V. 28)  is 


2 2 
4k  e-Ie2?0ng(u-v) 


4k2u2 


ele2 


We  may  therefore  now  write 


AC  - a 2 2 

2 — 2 — 2 — 2 — 2 = £(u-v'  + 4uvsin^$<J>J 

16k  e-j  £2  ^0  n0 


X ^£^2 


(u-v)2(l-uv)2C0n0 


p k (e-.  ) u 

+ 2(u-v)(l-uv)  { 2vn0si n h<\>  + 2 — T~ 

4e-|  e2 

2 2 

4v  n0  4 
— si  n%4> 

?0n0 


+ k2[(u-v)2  + 4uvsin2^<j>] 


+ (u-v)‘ 


r,2  2 

k u ~ 9 

2 2 O+u  )(l+v2) 

£1  e2 


.2  2_,..2k4 

+ I 1 • 4e^£2tCu-v)2  + 4uvsin2^(})] 


v n0  Sln  r 


’CTO 


(V.29) 
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In  eq  (V. 29)  the  terms  without  <j>  are 


o o o / (l-uv)k(£1+e?)u 

[k  + 4£1£2(l-uv)^0n0](u-v)  (u-v  + g 


£.|£2[k  +4e1£2(1-uv)  50n0] 


9 o (l-UV)2(£,+£?)2 

(l+u2)(l+v2)  - 1 2 


[k2+4£1£2(1-uv)2^0n0] 


Here  in  the  curly  brackets  we  have 


k2(l+u2)(l+v2)  - k2(l-uv)2 


[k  + 4e1e2(1-uv)  ?0n0]  I ^^(i-uv)2  + 4e1e2(1-uv)' 


k2(u+v)2 


k2  + 4£-|E2(l-uv)2^0nQ 


Thus  the  terms  without  <f>  are 


o O o I (l-uv)k(e1+£9)u 

[k  + 4£1£2(1-uvr50n0](u-vr  (u-v  + ^ 


£ 1 £2 [ k +4e1e2(1-uv)  50n0] 


(u-v)' 


( u+v ) 1 


[k2  + 4£-j£2(l-uv)2^0n0] 


(V. 30) 
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2 

Next  the  terms  in  eq  (V.29)  with  factors  (u-v)  and  sin  are 


4uvsin^<f)  • (u-v)^[2k^  + 4e^£20-uv)^or|0^ 


( 2 2 2 2 2 4 

v nn  sin  <j>  4v  nn  sin  9 

+ + 2(u-v)(l-uv)  • 2vrigSin 


50n0 


?ono 


2 

+ 4£-j£2  * 4uvsin  ^<j>  • 2(u-v) (1 -uv) 


k(£,+£2)u  2 

2 — 2~  + 2uvrigSin^^4) 


fel  £2 


Here  the  second  line  may  be  written  as 


2 o / vrln  2 Vr|0  ? \ 

4e^£2(u-v)  • 4vrigSin  %<J>[ cos  + sin  ^ + (u-v)(l-uv)J 

\'C  0 50n0  / 


= 16£-|£2vriQ(u-v)^sin^^4)(v(l+u^)  + (u-v)  ( 1 -uv )) 


= 1 6e-|  £2VriQ(u-v)^si  n^^(u(l  +v'^)^ 


2 2 

= 1 6£-j £^ (u-v ) uvsin  h<p 


2 

Thus  the  terms  in  eq  (V. 29)  with  factors  (u-v)  and  sin  h<P  are 
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2 

4uvsin  %<{> 


2 

+ 4uvsin  i 


Here  we  write 


O-uv)2? 


Thus  we  have. 


2 • 


+ 


+ 


+ 


2<P 


(u-v)2[2k2  + 4e1e2(l-uv}2?QnQ  + 4e^s2'] 


• 2 (u-v)  (1-uv)  • 4e^e2 


p kCe1+e2)u 

2vnQsin  h<P  + T^T 


4e-j  e2 


(n0  + 1 = 2(l-uv)2?Qn0  + 1 - (l-uv)2?0nQ 

= 2(l-uv)2^0n0  + ?0n0[(l+u2)(l+v2)  - (1-uv)2] 
= 2(1-uv)2CqT1q  + C0n0(u+v)2  . 

2 

for  the  terms  with  factors  (u-v)  and  sin  , 

4uvsin2%4>  • (u-v)2[2k2  + 4e.]£2(l -uv )2?0nQ] 

2 2 2 
4uvsin  h(p  • (u-v)  • 4e^e2(u+v)  ^qOq 

« k(e,+e«)u 

2 • 4uvsin  ^(f>  • (u-v)  • (1-uv)  

£1£2 

2 2 
4uvsin  %<p  • 2(u-v)(l-uv)  • 4e^e2  • 2vriQSin  h<p 
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k(e,+£?)u 

= 2(u-v)[u-v  + (1-uv)  « 

e1e2[k  +4£i£2(l-uv)^^0r>o^ 


2 , 4uvsin2^c|)[k2+4£1£2(l-uv)2?QnQ] 


+ 4uvsin2^[(u-v)2  • 4£^£2(u+v)250nQ  + 2(u-v)(l-uv)  • 4£^£2  • 2vn0sin2^4>]  . (V.31 ) 


Finally,  we  have  the  terms  in  eq  (V.29)  without  a factor  (u-v) 


2 

4uvsin  k<p 


2 2 

4v  nQ  4 2 

4 £ i £2  • sin  ^ + k 

£0e0 


2 2 

v nQ  2 

+ 4£-j£2  • sin  (j) 

50n0 


2 

4uvsin  %<p 


2 

4uvsin  k<P 


2 2 

4v  rin  2 2 2 

4£l e2  * sin  %4>  + k • 4uvsin  Jg<j> 

C0n0 


4 

16uvsin  h(p 


v Hq  2 
4e -I  £p  + k uv 

. «o 


(V.32) 


We  must  now  combine  the  terms  given  in  (V.30),  (V.31),  and  (V.32).  For  this 
purpose  it  is  convenient  to  designate  by  (V.30a)  and  (V.30b)  the  first  and 
second  terms  in  (V.30),  and,  in  similar  fashion,  to  designate  by  ( V . 31  a ) and 
( V . 31 b ) the  first  and  second  terms  in  (V.31).  We  then  have 
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(V. 30a)  + (V. 31a) 


[k2+4ei£2(l-uv)2C0n0]  ■ 


(u-v)  u-v  + 


(l-uv)k(e.j+E2)u 

2 2 
e1e2[k  +4e1e2(l-uv)  ^0n0J 


2 

+ 4uvsin 


- [k2+4£1e2(l-uv)250n0]  (4uvsin2^)2 


(V.33) 


Adding  (V.32)  to  the  second  term  in  (V. 33)  gives 


4 

16uvsin  k4> 


v nQ  2 

4e i £o 4£-j£2(1-uv)  CqHqUV 


12 


=0 


4 

64£-|£2uvsin  h<P 


v n 


0 - (l-uv)2?0n0uv 


L 


and  adding  this  to  (V.31b)  gives 

4 

64£-|£2uvsin 

+ 4uvsin2%(j)(u-v)2  • 4£^£2(u+v)2?qT1q  . (V.34) 

The  expression  in  the  square  brackets  in  (V.34)  may  be  simplified: 

We  have  there 


2 

v nn  o 

(1-uv)  ?0nQuv  + (u-v) ( 1 -uv)vn0 

- 50 
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vn 


o 


(1-uv)2u£0  + (u-v)(l-uv) 

5° 

- v^0n0IvO+u2)2  - 0-uv)2u  + (u-v)(l-uv)(l+u2)] 

= v^Qf|Q[v+2vu2+vu^-u+2u2v-u2v2+u-u2v+u3-u4v-v+uv2-vu2+v2u2] 


= uv^qTIqEu2  + 2uv  + v2] 
o 

= uv£0n0(u+v) 

Thus  the  expression  (V.34)  may  be  written  in  the  form 

4e1e2(4uvsin2%((>)2£QnQ(u+v)2  + 4£1£2(4uvsin2^)£0nQ(u-v)2(u+v)2  . 


Adding  this  to  ( V - 30b ) then  gives 


4£1£2£0n0(u+v)‘ 


(4uvsin2^c|))[(u-v)2  + 4uvsin2^cf>] 


(u-v )' 


(V. 35) 


2 2 

4£1e2?0n0[k  + 4e.]£2(l-uv)  ?Qn0] 


Finally,  combining  (V.35)  with  the  first  term  in  (V. 33)  gives  our  desired 
2 

form  for  AC  - B , given  previously  by  (V.29),  viz.. 
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16k2£l 


2 2r  2 
z2  h n 


2 

0 


[k2+4e1£2(l-uv)2CQn0] 


(u-v)lu-v  + 


(l-uv)k(£.j+£2)u 


2 2 
e^fk  +4e-,£2(l-uv)  £q^q3 


2 

+ 4uvsin  %<p 


X 4 


4£l£2(u+v)2£0n0(4uvsin2%<j>)[(u-v)2  + 4uvsin2%<j>] 


k u(u+v) 


(u-v)‘ 


£-|£2  y Ck  "**  4£-j£2(1-UV)  CqHqI 


(V.36) 


2 

This  shows  that  AC  - B >0,  which,  along  with  A > 0 and  C > 0, 
completes  the  task  of  writing  the  high  energy  small  angle  expression 
for  in  a form  that  is  manifestly  positive. 

We  now  write  our  high  energy  small  angle  approximation  for  the 
numerators  | | and  | j>  appearing  in  the  cross  sections  dc^  and 
da,|  (eqs  (1.2),  (1.3),  (IV. 9),  and  (IV. 10)),  in  a form  similar  to  that 
given  for  the  numerator  of  the  cross  section  for  unpolarized  photons  in 
eq  (VI. 49)  on  p.  66  of  [1].  There  we  wrote 


| |=  f (v)(v-u+cr)2  + g(v)sin2^  + p 
From  eqs  (IV. 9)  and  (V. 22)  we  have 

{ | = fi(v)(v-u)2  + gx  (v)sirv2%<i>  , 


(V . 37) 
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where 


and 


fj_  (v)  = 


4k^e-j£2 


(l+u2)(l+v2) 


9l{v)  = 


16k  £-j£2uv 
(l+u2)(l+v2) 


2 2 2 2 
64£]  £2  V COS  %(}) 

(l+v2)2 


and  from  eqs  (IV. 10)  and  (V.25)  we  have 


{ }„  = f||  (vHv-u+cr,,  )2 


o 

+ 9i,  (v)sin  h<p 


where 


(v)  - 


A 2 2 
4£-j  £2 

(l+u2)(l+v2) 


k2  ( uv- 1 ) 2 

+ 4 2 o~ 

£^2  (l+iT)(l+v  ) 


% (v)  = 


2 2 2 2 
16k  £1  £2^ v 64k  sin  k<t> 


(l+u2)(l+v2)  (1+v2}2 

k2  . , (uv-1)2 

H ? ? 

£^2  0+U  ) (1+v  ) 

(V.38) 


(V.39) 


(V.40) 


( V . 41 ) 


(V.42) 
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= a„  (v)  = 


4(uv-l) 

2 k(e1+£2)u 

2vTi0sin  + 22 

4e, 

k2  (uv-1)2 

+ 4 

£^2  (l+u2)(l+v2) 

(V.43) 


and 


16 


Pn  = 


kel£2, 


? 2 

[ k2  /u2-l\2] 

(1+u2) 

£1£2  \u2+1/ 

(V.44) 


In  comparing  eq  (V.44)  with  eq  (V.25)  it  will  be  noticed  that  in 

eq  (V.44)  we  have  set  v = u throughout.  Since  pjj  is  of  0(1),  it 

is  negligible  unless  both  u-v  = 0(u6  ) and  <j>  = 0(0  ).  We  may 

therefore  set  v = u in  pjj  as  it  appears  in  eq  (V.25),  with  neglect 

2 

of  terms  of  relative  order  0 . 

The  expressions  (V.37)  and  (V.40)  for  the  numerators  | | and 

< > will  be  of  particular  use  in  the  following  section,  where  we 

( 'II 

determine  the  maxima  and  minimum  of  the  cross  sections  do^  and  da^ 
in  the  region  of  small  momentum  transfers,  q < O(u0)  (i.e.,  q = O(u0) 


and  q = O(u0^)) 
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VI.  DETERMINATION  OF  THE  MAXIMA  AND  MINIMUM  OF  THE  POLARIZED 
BREMSSTRAHLUNG  CROSS  SECTIONS  d aL  AND  da(| 

In  this  section  we  consider  the  cross  sections  dc^  and  da^  as 
functions  of  v (i.e.,  ©2)  for  fixed  values  of  the  other  variables 

(e-j , £2’  9i  and  $)  and  determine  the  value  of  v for  which  these 

cross  sections  achieve  their  maximum  and  minimum  values.  In  order  to 
locate  the  extrema  of  the  cross  sections  and  evaluate  the  cross  sections 
at  these  extrema  we  use  the  high  energy  small  angle  approximations  for 
| 1 and  | l given  in  eqs  (V.37)  and  (V.40),  and  for  q^,  given 


where  5 = k/(2e^e^).  We  will  follow  very  closely  the  analysis  presented 
in  detail  in  section  VII  of  [1],  and  will  therefore  make  frequent  reference 
to  equations  and  discussion  given  there.  As  discussed  there  on  pp.  72 
and  73,  we  also  neglect  screening  in  this  analysis  in  determining  the 
location  of  the  extrema  of  the  cross  sections,  setting  F(q)  = 0 in 
eqs  (1.2)  and  (1.3).  The  determining  equations  for  the  extrema  are 
then  (see  eq  (VII. 2a),  p.  73  of  [1]) 


in  eq  (V.15)  of  [1],  viz. , 


(VI. 2) 


and 


}. 


(VI. 3) 
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As  in  [1],  we  are  looking  for  maxima  and  minima  in  the  region  of  small 

2 2 

q,  i.e.,  q < O(u0),  and  hence  also  qx  < 0(.u6).  From  q£  = (u-y_)  = 

(u-v)  + 4uvsin  k<P  we  have  | u- v | < qx  and  u$  < 0 ( q±  ) . Thus  for 
qx  < O(u0)  we  have  < 0(6)  and  $ < 0(0).  We  therefore  assume 

in  this  section,  where  q < 0(u6),  that  <j>  < 0(6),  neglecting  terms  of 

o 

relative  order  <f>  < 0(0)  in  our  high  energy  small  angle  approximations 
for  q^ , | | |||  , and  their  derivatives  with  respect  to  v. 

This  results  in  considerable  simplification  in  the  expressions  for 
| |x  and  | |,|  (eqs  (V.37)  and  (V.40)),  i.e.,  in  the  eqs  (V.38)  and 

(V.39)  for  f±  (v)  and  gi(v),  and  in  eqs  (V.41 ) - ( V . 44 ) for  f ||  ( v ) , 

o 

gjl  (v),  ^(v),  and  p](  . Thus,  neglecting  terms  of  relative  order  <jr 
in  eqs  (V.39)  and  (V.42),  we  now  have,  for  q < O(u0), 


9j_(v)  = 


2 2 2 2 
16k  e-|£2uv  64ei  v 

(l+u2)(l+v2)  + (1+v2)2 


and 


(VI. 4) 


g„(v)  = 


1 6k  c-j  £2uv 

(l+u2)(l+v2) 


(VI. 5) 


2 

Referring  to  eq  (V.43),  we  see  that  the  function  Oy  (v)  is  of  0(u6  ) 

2 

for  (p  < 0(0).  Moreover,  0|(  (v)  appears  in  the  term  (v-u  + a^)  in 

eq  (V.40),  where  now  v-u  < O(u0).  Now  if,  for  v-u  = O(u0),  we  set 

v = u in  the  expression  (V.43)  for  a^v),  then  we  introduce  errors 

of  0( (v-u )/u ) = 0(0)  relative  to  ^(v).  These  errors  are  thus  of 
3 2 

O(u0  );  i.e.,  they  are  of  0(0  ) relative  to  v-u,  and  hence  may  be 

2 

neglected.  On  the  other  hand,  for  v-u  = O(u0  ),  setting  v = u in 
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2 

eq  (V.43)  introduces  errors  of  order  6 relative  to  Cy 1 - Once  again 

these  may  be  neglected.  Therefore,  for  q < O(u0)  we  may,  in  eq  (Y.43), 

2 

set  v = u and  neglect  terms  of  relative  order  <p  . We  then  obtain 


u(u-l) 


a„  = 


2(p  k(£n+£p) 

jr  + C 


l+u‘ 


2 2 
s 1 e2 


+ 41 


^u2-l 


. 2 

£ -j  £2  \U  +1 


(VI. 6) 


The  expression  (VI. 6),  valid  in  the  region  q < O(u0),  now  closely 
resembles  the  expression  for  a given  in  eq  (VI. 48)  on  p.  66  of  [1]. 
The  two  expressions  are  independent  of  v,  and  are  of  the  same  order 
of  magnitude,  viz.,  0(u8  ). 

Thus  for  q < O(u0),  fx(v)  and  f,j  (v)  as  given  in  eqs  (V.38-) 

and  (V.41)  are  each  of  the  same  form  as  f(v),  given  in  eq  (VI. 44)  on 

4 2 

p.  62  of  [1],  all  three  being  of  0 (c  £ ),  and  gx(v)  and  ( v ) as 

given  in  eqs  (VI. 4)  and  (VI. 5)  are  each  of  the  same  form  as  g(v), 

given  in  eq  (VI. 45)  on  p.  62  of  [1],  all  three  being  of  0(£4£2u2). 

Further,  as  just  noted,  again  provided  that  q < 0(u6),  as  given 

in  eq  (VI. 6)  is  of  the  same  order  of  magnitude  as  a,  given  in 

eq  (V.48)  on  p.  66  of  [1],  and  p!(  as  given  in  eq  (V.44)  is  of  the 

same  form  and  order  of  magnitude  as  p,  given  in  eq  (VI. 47)  on  p.  65 

of  [1].  (The  fact  that  for  large  u » 1,  p is  larger  than  p^  by 
2 

a factor  u is  of  no  significance  for  the  analysis.  In  both  cases, 

2 2 

they  need  be  retained  only  when  both  v-u  = C(u0  ) and  p = 0(0  ).) 

It  thus  follows  that  if  we  define 
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(VI. 7) 


CT,  = 0 


and 


Px  = 0 


(VI. 8) 


then  we  can,  for  q < 0(u6),  write  j and  j in  the  form 

given  previously  for  | | in  eq  (VI. 49)  on  p.  66  of  [1]: 

{ }i,||  = fl,||(v)(v-u+0i,||)2  + 9^,1  (vising  + pi(,|  - (VI. 9) 


And,  since  the  form  and  the  order  of  magnitude  of  the  quantities 
appearing  here  are  the  same  as  those  in  eq  (VI. 49)  of  [1],  we  can 
utilize  without  modification  most  of  the  analysis  presented  in  sec.  VII 
of  [1].  There  we  defined  ((VII. 3)  in  [1]) 

z = ^ (VI. 10) 

and  looked  for  solutions  of  the  equation  defining  the  extrema  ((VII. 2a) 

in  [1],  eqs  (VI. 2)  and  (VI. 3)  here),  first  in  the  region  z < 0(0^), 

and  then  in  the  region  z = 0(0).  We  found  that  for  sufficiently  small 

0,  the  equation  defining  the  extrema,  considered  as  a function  of  z 

o 

(or  v),  had  one  solution  in  the  region  z < 0(0  ),  corresponding  to 
the  minimum  of  the  cross  section,  and  two  solutions  in  the  region 
z = 0(0),  corresponding  to  the  maxima  of  the  cross  section,  one  for 
z < 0 (v  < u)  and  one  for  z > 0 (v  > u).  Further,  we  found  that  as 
(p  increases,  the  position  of  the  minimum  moves  to  larger  values  of  v. 
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and  the  position  of  the  second  maximum  (the  one  for  z > 0)  moves  to  smaller 


values  of  v.  When  <J>  reaches  a critical  value,  <J>  , the  minimum  and  the 
second  maximum  occur  at  the  same  point,  which  is  then  an  inflection  point 


there  is  only  one  extremum,  the  maximum  which  occurs  for  v < u.  This 
behavior  of  the  extrema  as  a function  of  <p  was  shown  in  figures  11  and  12 
in  [1],  For  polarized  photons,  identical  statements  may  be  made  for  do^ . 
However,  the  behavior  of  dc^  depends  on  the  photon  energy,  k.  For  k 
satisfying  (VI. 25)  it  is  the  same  as  that  of  do1 , whereas  for  k satisfying 
(VI. 33)  dO|j  has  a sharp  dip  for  all  values  of  (p.  (See  figs.  4(a)-4(d)  and 
5 (a )-5 (d ) . ) 

Thus  for  z < 0(9  ) and  <p  arbitrary  (but  still  assuming  <j>  < 0(0)), 
we  have,  directly  from  eq  (VII. 7)  on  p.  78  of  [1],  the  position  of  the  minima 
for  the  cross  sections  dc^  and  dc^  , z^^  and  zm-j n||  > respectively : 


~ 4/3 

of  the  cross  section.  This  point  occurs  for  z = 0(0  ' ).  For  <j>  > <j> 


oLfL  (u)  gx  ' (u)  <f>2 


u u 8 


(VI. 11) 


and 


(VI. 12) 
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Noting  from  eq  (VI. 7)  that  we  defined  = 0,  the  expression  (VI. 11) 

for  z then 'simp!  if ies  somewhat  and  may  be  written  in  the  form 


zminl 


= - 4> 


9*'(u)  1*2  ♦ 


52(l+u2) 


gx  (u)  ^ 6(1+U2)' 


811^  (u) 


2uzf1(u)  \2  £2  ) 


i'o™1)' 


*‘lul  - ll»! 


v2u  fj_  (u) 


. (VI. 13) 


The  expression  (VI.  12)  for  may  be  written  in  the  closely  similar 

form 


g,l  ' (u )4>2  Q||^/ 2 62(1+u2)  ^ gjj  ( u )<J>2  ^ 4>2  <5(l+u2) 


,8uf,,  (u)  u 


2u  f „ ( u ) \2 


zmi  nil 


62(1+u2)' 


9»(U>  -iL2 


2u  f,  (u) 


(VI. 14) 


We  consider  first  the  expression  (VI.  13)  for  z ..  . . Noting  from  eqs  (VI. 4) 
and  (V.38)  that 


9l  (u)  2k2  + 80^2 

2u2fi(u)  k2 


(VI. 15) 


we  define,  in  analogy  with  eq  (VII. 10)  on  p.  80  of  [1], 


ol 


5(l+u  ) / gi  (u) 
u \2u2f1(u) 


- 1 


6(l+u2)  / k2 


u \k  + 8e-j£2 


(VI. 16) 


Further,  from  eq  (VI. 4)  we  have 


16k2e1e;)u  / 1-v2  > 9 ~ 

g,  ' ( v ) = -'-2  jry]  + 128e,  e 2 

1 (1+u2)  \(l+v2)2. 


and  thus,  with  f, (u)  as  given  by  eq  (V. 38), 


gj/tu) 

ufx  (u) 


= 4 


k + 8£-j£2' 


(VI. 17) 


Substituting  eqs  (VI. 15),  (VI. 16),  and  (VI. 17)  in  (VI. 13),  we  may  write 
the  expression  for  z . . in  the  form 


'mini 


- <j) 


(VI. 18) 
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we  observe  here  in 


As  noted  in  [1]  p.  80  in  connection  with  z . , 

min’ 

2 

identical  fashion  that  for  <p  < 0(0)  we  have,  in  general,  z < 0(0  ) 
as  originally  assumed.  (Since  ax  = 0,  we  have  z = 0 (4>  ) from 

eq  (VI. 18).)  Again  as  observed  for  eq  (VII. 9)  in  [1],  so  also  in 
eq  (VI. 18)  given  here,  the  denominator  is  zero  for  4 = d>^  , so  that 
this  equation  is  clearly  invalid  for  4 > 4^  . In  fact,  as  noted  in 
[1],  it  becomes  invalid  for  (j)  somewhat  less  than  4^.  Once  4 is 
sufficiently  close  to  4Ql  that  4^  - <f>  is  less  than  0(0  ), 
then  z ^ is  larger  than  0(0  ),  and  the  assumptions  made  in 
deriving  eq  (VI. 18)  no  longer  hold.  As  shown  in  [1],  as  4 approaches 
^oi  (from  below),  the  position  of  the  minimum,  2m-j ^ > increases  from 
O(02)  to  O(04//3).  When  reaches  the  critical  value  4^  (4^  <4^), 
the  minimum  fuses  with  the  second  maximum  of  the  cross  section,  becoming 

3 

an  inflection  point.  For  4 > 4^  the  cross  section  d no  longer 
has  a minimum.  For  0^=1°,  e-j  = 140  MeV,  and  k = 95  MeV  we  find, 
from  a careful  computer  analysis  of  the  cross  section  as  a function  of 
v and  4 (see  fig  6(a)), 


4^  = 0.3645°  . 


From  eq  (VI. 15)  we  have,  for  these  same  values  of  0-j , c-j , and  k. 


oi 


0.4293° 


Having  thus  far  examined  in  detail  the  extremum  (the  minimum)  of 

the  cross  section  d ^ in  the  region  z < 0(0  ),  we  now  look  for 

extrema  (also  solutions  of  eq  (VI. 2))  of  this  cross  section  in  the 

region  z = 0(0).  Again  we  follow  the  analysis  given  in  [1],  pp.  81-93. 

2 

In  contrast  to  the  case  z = 0(0  ),  we  now  find  two  extrema.  These 

3 

correspond  to  the  two  maxima  of  the  cross  section  d In  zeroth 
order,  i.e.,  neglecting  terms  of  relative  0(0)  as  well  as  those  of 
O(_02),  we  have,  directly  from  eq  (VII. 14)  on  p.  83  of  [1], 

(VI. 19) 


(o)  „ 


6(l+u2) 


‘maxi 


= + 


1 - 


oi/  J 


3 

The  full  solution  for  the  maxima  of  the  cross  section  d (i.e.,  with 

2 

neglect  only  of  terms  of  relative  0(0  ))  is,  from  eq  (VII. 32)  on  p.  93 
of  [1], 


z 


maxi 


+ 


6 ( 1 +u2 ) 


ufx'(u)  6 2 ( 1 +u 2 ) 
4fx(u)  u2 


(VI. 20) 


Here  f^(u)  and  ' ( u ) 


3fj.(v) 


3v 


v=u 


are  given  by  eq  (V.38),  from  which 
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2u 


(VI.  21) 


1 (u) 

fx(u)  1+u^ 


and,  from  eqs  (VII. 20)  and  (VII. 21)  on  p.  88  of  [1],  (and  noting  from 
eq  (VI. 7)  that  oL  =0), 


3g,'(u)  ? 

<j>£ 

Su^  (u) 


gi(u)fi'(u)  2 
2uf/(u) 


uf/tu) 
2fj_  (u) 


+ 


«2(l+u2) 


(VI. 22) 


As  was  the  case  for  z . . , derived  under  the  assumption  that 
2 

z = 0(6  ),  we  note  that  here  too  the  solution  is  valid  only  for 
<j>  < <j>^ . And  since  we  assume  now  that  z = 0(0)  we  must  again  have 


v2  - = °(02) 


or 


<f>oi  - <P  = 0(0)  . 

Again  we  see  that  the  solutions  given  in  eqs  (VI. 19)  and  (VI. 20)  break 
down  as  cp  approaches  <J>^ . 

We  have  now  found,  for  sufficiently  small  <J>,  the  minimum  of  the 

3 

cross  section  d , given  by  eq  (VI. 18),  and  the  two  maxima,  given  by 
eq  (VI. 20),  or,  to  zeroth  order,  by  eq  (VI. 19).  We  see  that  the  form 

3 

of  the  cross  section  d in  the  region  of  small  momentum  transfers 
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(q  < O(u0 ) ) and  its  behavior  in  this  region  as  a function  of  v and  <p 

are  very  similar  to  that  of  the  cross  section  for  unpolarized  photons 

discussed  in  £1].  This  similarity  holds  both  in  the  region  of  the 
minimum  (z  = 0(6  ))  and  in  the  region  of  the  maxima  (where  z = 0(6)) 
(see  figs.  7(a)-7(d)). 

We  now  return  to  our  consideration  of  the  extrema  of  the  cross 
section  d ajj  . Given  the  similarity  of  the  expressions  (VI.  11)  and 

3 

(VI. 12)  for  the  positions  of  the  minima  for  the  cross  sections  d 

3 3 

and  d , it  might  be  expected  that  the  analysis  just  given  for  d , 

paralleling  that  presented  in  [1]  for  the  cross  section  for  unpolarized 

3 

photons,  could  be  repeated  without  modification  for  d . The 
essential  factor  in  that  analysis,  as  may  be  seen  from  eqs  (VI. 13), 

(VI. 16),  and  (VI. 18),  is  the  factor 

gx(u) 

~T 1 

(u) 

which  appears  in  the  denominator  of  z . . and  in  the  numerator  of 

mini 

zmaxi  ^ec,s  (VI.  19)  and  (VI. 20)).  However,  implicit  in  the  definition 
(VI. 16)  for  <|>^  is  the  assumption  that 

9,  (u) 

— -f 1 > 0 . (VI. 23) 

2u  Tx  (u) 

This  is  clearly  true  from  eq  (VI. 15),  and  was  also  the  case  for 

— rjj-^ 1 as  given  in  [1]  p.  82,  eq.  (VII. 11a).  However,  the 

2uZf(u)  3 

corresponding  term  for  d is,  from  eqs  (VI. 5)  and  (V.41), 
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%(u) 

2u2f„  (u) 


- 1 = 


2k‘ 


^ + ^ (u2+I. 


- 1 


0 / 2 ' 
k - 4e-,  £,  u 


'1  2\  2 
\ii  +! 


o / 2 ,N 

k + 4e, e,  u 


1 2Vu2+l 


(VI. 24) 


Thus  if 


k > 4e,e 


u2-l' 


E k° 


(VI. 25) 


we  can  again  define,  in  analogy  with  eq  (VI. 16), 


5(1  +u  ) / g„  (u) 


oil 


u \2u  f,.  (u) 


- 1 


6 ( 1 +u  ) 


,2  . , /u2-l 

k + 4e,e 


1 2\u2+1 


k2  - 4 e,zJuZ-] 


1 2\  2 
1 +1 


(VI. 26) 
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Then  paralleling  the  steps  followed  in  going  from  eq  (VI. 13)  to  eq  (VI. 18) 
we  have,  from  eq  (VI. 5), 


3i,  ' Cv)  = 


16k  e^u 

O+U2) 


n L 

1 -V 


W) 


and  thus,  with  fy (v)  as  given  by  eq  (V.41), 


9||  ' (u) 
ufy  (u) 


(VI. 27) 


Substituting  eqs  (VI. 6),  (VI. 24),  (VI. 26),  and  (VI. 27)  in  (VI. 14)  we  may 
then  write  the  expression  for  z . „ in  the  form 


(VI. 28) 


The  comments  made  in  connection  with  z .^,  following  eq  (VI. 18),  are 
equally  applicable  to  zmi-n||  for  The  present  case  in  which  the  photon 
energy  is  sufficiently  large  that  the  inequality  (VI. 25)  is  satisfied. 
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p 

Thus  we  have,  in  general,  z . n < 0(6  ) as  originally  assumed. 

Further,  the  denominator  in  eq  (VI. 28}  is  zero  for  <f>  = ^ , so  that 
the  equation  is  clearly  invalid  for  <j>  > <j>  ^ . Again,  as  noted  in  [1], 
it  becomes  invalid  for  $ somewhat  less  than  <j>^ . Once  4>  is 
sufficiently  close  to  <t>^  that  <j>^  - <p  is  less  than  0(0  ),  then 
zmi n||  lar9er  than  0(0  ),  and  the  assumptions  made  in  deriving 
eq  (VI. 28)  no  longer  hold.  As  <p  approaches  (from  below),  the 

position  of  the  minimum,  z^^  , increases  from  0(0  ) to  0(0  ' ). 
When  (p  reaches  the  critical  value  4>c(|  (t}^  < <J>0(|),  the  minimum 

fuses  with  the  second  maximum  of  the  cross  section,  becoming  an 
inflection  point  (see  fig.  5(f).)  For  (p  > <|>  ^ the  cross  section  d 
no  longer  has  a minimum.  Again  following  the  analysis  given  in  [1], 
pp.  81-93  for  the  extrema  of  the  cross  section  in  the  region  z = 0(0), 
we  now  find  two  extrema,  corresponding  to  the  two  maxima  of  the  cross 
section  d^a^  , as  we  just  did  for  d^  (eqs  (VI. 10)  and  (VI. 20)).  In 
zeroth  order,  i.e.,  neglecting  terms  of  relative  0(0)  as  well  as  those 
of  O(02),  we  have,  directly  from  eq  (VII. 14)  on  p.  83  of  [1], 


(o)  _ ± 5(l+u2)  , 

maxll  u 


(VI. 29) 


3 

The  full  solution  for  the  maxima  of  the  cross  section  d (i.e., 

2 

with  neglect  only  of  terms  of  relative  0(0  ))  is,  from  eq  (VII. 32) 
on  p.  93  of  [1], 
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zmaxll 


5(l+u2) 


u 


1 - 


ufy  ' (u)  62(1+u2) 
4fuCu)  u2 


2 


Here  f„  (u)  and  f„  1 (u)  = 


(v) 


9v 


are  given  by  eq  (V.41 ) , 


v=u 


'(u) 


2u 


f„(u)  l+u‘ 


k'  + 


and,  from  eqs  (VII. 20)  and  (VII. 21)  on  p.  88  of  [1], 


a(2)  = + 3gll  * ^ ^2  _ g||  ^fll  ' ^ ^2  _ ufll  ' ^ Lz  + 5 (1+u 

11  u 8ufH  (u)  2ufj| 2 (u ) 2f(1  (u)  \ u2 


As  was  the  case  for  zm^ nj| , derived  under  the  assumption  that 
we  note  that  here  too  the  solution  is  valid  only  for  (J>  < <j>  ^ . 
we  assume  now  that  z = 0(0)  we  must  again  have 

♦oil  ' = 0(e2) 

or 

4>0||  " * = °(0)  • 


1 a(2) 

“ 2 All 

(VI. 30) 
from  which 

(VI. 31) 


(VI. 32) 

z = o(e2), 
And  since 
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We  have  now  found,  for  sufficiently  small  <j>,  and  assuming  the 
condition  (VI. 25),  the  minimum  of  the  cross  section  d a(|  , given  by 
eq  (VI. 28),  and  the  two  maxima,  given  by  eq  (VI. 30),  or,  to  zeroth  order, 
by  eq  (VI. 29).  We  see  that,  assuming  the  condition  (VI. 25),  the  form 

3 

of  the  cross  section  d in  the  region  of  small  momentum  transfers 
(q  < O(u0))  and  its  behavior  in  this  region  as  a function  of  v and  4> 

3 

are  very  similar  to  that  of  the  cross  section  d as  well  as  to  that 
of  the  cross  section  for  unpolarized  photons  discussed  in  [1].  This 
similarity  holds  both  in  the  region  of  the  minimum  (z  = 0(9  ))  and  in 
the  region  of  the  maxima  (where  z = 0(0)).  (See  figs.  8(a)-8(d).) 

3 

We  have  considered  the  cross  section  d assuming  the  condition 

3 

(VI. 25)  and  noted  its  similarity  to  the  cross  section  d aL  as  well  as 

3 

to  the  cross  section  summed  over  polarizations,  d a,  under  this  condi- 
tion. We  now  consider  the  case  in  which  (VI. 25)  does  not  hold,  viz., 
when 

k2  < 4e,e,  ) i k 2 . (VI. 33) 

1 2 \u2+l  ) 0 

It  should  be  noted  that  for  most  situations  of  experimental  interest, 
the  condition  (VI. 33)  is  the  more  likely  to  occur:  In  general  we  have 

u = p^sin9-j  33  p-|0.j  » 1 


Thus 
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From  (VI. 33)  we  then  have,  approximately. 


from  which 


or 


k < 4c-| ^2  = 4e-j  (e-j  - k)  , 


(k  + 2e-|  )2  < 8c-| 2 


— < 2(/Z  - 1)  * 0.8 

£1 


(VI. 33a) 


Thus,  if  p-|9-|  » 1,  then  for  most  of  the  spectrum  (0  < — < 0.8)  the 
condition  (VI. 33)  holds.  In  this  case,  we  see  from  eq  (VI. 24)  that 


9,,  (u) 

2u2fM  (u) 


k2  - 4e,e  ^2"] 


\ 2 


- 1 = 


21  2x1 
\u  +1 


.2  . „ / u2-l 

k + 4e,e, 


< 0 


'1  21  2 , 
\u  +1 


We  can  not  then  define  as  in  eq  (VI. 26).  We  may,  however,  retain 

all  of  the  expressions  for  and  zmax||  if  we  now  define 
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6(l+u2) 
*011  u 


\'- 

gll(u)  \ 

2u2fy  (u)  J 


6(l+u2) 

2 1 

u 

pt2UJ 

2 

-k2 

(VI. 34) 


The  expression  (VI. 28)  for  zm^ ^ is  then  modified  only  in  that  the 
2 —2 

term  must  be  replaced  by  -<j>0|j  . The  numerator  of  (VI. 28)  is  thus 

2 2 

unchanged,  and  the  term  4>o(|  - <p  in  the  denominator  is  replaced  by 


In  the  region  of  small  momentum  transfers  (q  < O(u0),  and  thus  also 

o 

< 0(0))  we  now  find  zm-,- njj  °f  0(0  ) for  all  <j>;  the  denominator 

does  not  become  smaller  as  cj)  increases  and  the  modified  expression 

for  z . ,,  does  not  break  down  at  some  critical  angle.  Similarly,  the 
mi  nil  3 

expressions  (VI. 29)  and  (VI. 30)  for  zmax||  need  only  be  modified  by 

2 —2 

replacing  (J)^  by  . The  modified  expressions  for  zmax||  are 

then  of  0(0)  for  all  <j>;  they  do  not  break  down  at  some  critical  angle. 
In  summary,  then,  for  photon  energies  such  that  the  condition  (VI. 33) 

3 

holds,  the  cross  section  d has,  for  all  (p , one  minimum  in  the 
region  z = 0(0),  provided,  of  course,  that  we  remain  in  the  region  of 

3 

small  momentum  transfers.  This  difference  in  the  behavior  of  d 
and  da.  for  photon  energies  satisfying  the  condition  (VI. 33),  shown 
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in  figs.  9(a)-9(d),  is  clearly  significant  for  the  polarization:  For 

<f>  > <j>^,  has  no  sharp  dip,  as  may  be  seen  in  figs.  9(c)  and  9(d), 

whereas  d has  a sharp  dip  regardless  of  the  values  of  <j>.  (We  are 
of  course  still  assuming  that  <j>  is  small,  of  0(9),  so  that  we  are 
still  in  the  region  of  small  momentum  transfers.)  Then  in  this  region 
of  the  dip  in  d the  polarization,  defined  in  eq  (1 1 . 1 ) , is  very 
large,  i.e.,  the  tagged  photons  are  highly  polarized  perpendicular  to 
the  production  plane  (see  figs.  3(a )-3(h ) ) . 
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VII.  COULOMB  CORRECTIONS  TO  THE  DIFFERENTIAL  CROSS  SECTIONS 


FOR  POLARIZED  BREMSSTRAHLUNG 


The  analysis  presented  in  this  report  thus  far  has  dealt  exclusively 
with  the  first  Born  approximation  differential  cross  sections  for 
polarized  bremsstrahlung,  dax  and  da()  . In  particular  we  have 
considered  the  behavior  of  these  cross  sections  in  the  region  of  small 
momentum  transfers. 

As  noted  in  £1],  Sec.  IX,  the  Coulomb  correction  to  the  differential 

cross  section  for  bremsstrahlung  at  high  energies  has  been  calculated 

specifically  in  this  region  of  small  momentum  transfers.  In  connection 

with  the  cross  section  for  unpolarized  photons  it  was  first  given  for  a 

pure  Coulomb  field  (no  screening)  by  Bethe  and  Maximon  [18],  and  later 

for  arbitrary  screening  by  Olsen,  Maximon,  and  Wergeland  [19].  In  both 

cases  it  was  found  that  the  entire  effect  of  the  Coulomb  correction  is 

simply  to  mu! ti ply  the  Born  approximation  cross  section  by  a factor 

which,  although  it  varies  throughout  the  region  of  small  momentum 

transfers,  is  always  of  order  unity.  This  work  was  extended  to  the 

case  of  polarized  photons  by  Olsen  and  Maximon  [16],  who  showed  that 

the  same  multiplicative  factor  applies  to  each  of  the  completely 

3 3 

differential  cross  sections  for  polarized  photons,  d and  d . 

This  factor,  denoted  by  J A | in  [19]  and  by  R in  [18],  is  given 

for  the  case  of  no  screening  on  p.  123  of  [1].  Thus  also  for  the  cross 
3 3 

sections  d and  d , the  Coulomb  corrections  do  not  fill  in  the 
sharp  dips,  as  they  might  if  they  were  additive.  Moreover,  since  the 
same  mul tipi icati ve  factor  applies  to  both  of  the  completely  differential 
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3 3 

cross  sections,  d and  d , it  does  not  enter  in  the  polarization, 
P,  eq  (II. 1).  However,  once  we  integrate  over  some  region  of  angles, 
as  is  required  in  the  analysis  of  most  experiments.  Coulomb  corrections 
do  indeed  enter  the  expression  for  the  polarization. 

It  must  be  recalled  that  in  the  analysis  presented  in  references 
£18],  £19],  and  £16],  there  have  been  neglected  throughout,  not  only 
terms  of  relative  order  1/e  , as  in  the  present  report,  but  terms  of 
relative  order  1/e  as  well.  Thus  if  one  wishes  to  evaluate  the 
Coulomb  corrections  to  the  differential  cross  section  to  the  same  level 
of  accuracy  as  that  pursued  here  for  the  Born  approximation,  the  analyses 
given  earlier  in  [18],  £19],  and  [16]  must  be  extended  to  include  the 
terms  of  relative  order  1/e. 
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FIGURE  CAPTIONS 


Fig.  1 Momenta  of  the  initial  and  final  electrons,  ^ and  and 

photon  momentum  and  polarization,  J<  and  in  the  system 
with  z-axis  in  the  direction  of  J<,  and  in  the  x-z  plane. 

Fig.  2(a)  The  cross  section  for  unpolarized  photons,  ^ do 

^ = Kf  d^o/dfip  dfi^dk,  eq  ( I V . 1 ) , p.  22  of  [l]j,  and  the 
perpendicular  and  parallel  components  of  the  momentum  transfer, 
qx  and  qz,  as  functions  of  02  for  ^ = 140  MeV, 
k = 95  MeV,  0]  = 1°,  and  $ = 0°. 

2(b)  The  same  as  in  2(a),  except  for  the  cross  section,  which  is 
for  photons  polarized  perpendicular  to  the  production  plane. 


Fig.  3(a)  The  polarization,  P = (dc^  - dc^  )/(doi  + da)(  ) as  a function 
of  02>  for  c i = 140  MeV,  k = 95  MeV,  0-j  = 1°,  and 
several  values  of  <j>,  viz.,  <j>  = 0°,  0.01°,  0.02°,  0.03°, 

and  0.1°. 

3(b)  The  same  as  in  3(a),  except  that  (p  = 0°,  0.5°,  and  1°. 


2(c)  The  same  as  in  2(a),  except  for  the  cross  section,  which  is 
for  photons  polarized  parallel  to  the  production  plane, 
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Fig.  3(c)  The  same  as  in  3(a),  except  that  <J>  * 29,  6°,  and  10°. 


3(d)  The  same  as  i 
3(e)  The  same  as  i 
3(f)  The  same  as  i 
3(g)  The  same  as  i 


n 3(a),  except  that 
n 3(a),  except  that 
n 3(b),  except  that 
n 3(c),  except  that 


(p  = 1°  and  30°. 
k = 30  MeV. 
k = 30  MeV. 
k = 30  MeV. 


3(h)  The  same  as  in  3(d),  except  that  k = 30  MeV. 

Fig.  4(a)  The  cross  section,  da^  ^ d^/dS^  d^dk^j , for 

photons  polarized  perpendicularly  to  the  production  plane,  as 
a function  of  Qg,  for  k < k . (From  eq  (VI. 25), 
kQ3  = 4e-j£2  ( (u^-1  )/{u3+l ) )3. ) We  choose  e-j  = 140  MeV, 
k = 95  MeV,  6-,  = 1°,  and  4 = 0°,  0.25°,  0.5°,  and  0.75°. 

4(b)  The  same  as  4(a),  except  that  k = 130  MeV,  so  that  k > k , 
and  4 = Q9,  2°,  49,  and  6°. 


4(c)  The  same  as  4(a),  except  that  we  plot  the  cross  section, 

V da,,  (=  I*-  d3a,.  /dti 
to  the  production  plane. 

4(d)  The  same  as  4(b),  except  that  we  plot  the  cross  section, 

jiaw  (=7dVd“P 

to  the  production  plane. 

Note  that  following  the  individual  figures  4(a)  - 4(d)  we  present 
these  four  figures  on  a single  page  for  easy  comparison. 


d^dkj,  for  photons  polarized  parallel 


dft^dk 


for  photons  polarized  parallel 
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Fig.  5(a)  The  positions,  z = (v-u)/u,  of  the  maxima,  the  minimum,  and 

the  points  of  inflection  of  the  cross  section 

-U-  da,  f = -U-  d3a,  /dft„  dft.dk)  as  a function  of  the  azimuthal 
Z2  1 \ Z2  1 p2  k / 

angle  <J>,  for  k < kQ.  We  choose  c-j  = 140  MeV,  k = 95  MeV, 


and  0^  = 1°. 


5(b)  The  same  as  5(a),  except  that  k > kQ.  (We  choose  k = 130  MeV.) 
Note  that  in  this  figure  the  ranges  of  <J>  and  z are 
0°  < <p  < 40°,  and  - 1.0  < z < 0.2 

5(c)  The  same  as  5(b),  except  that  the  ranges  of  <p  and  z are 
0°  < <j)  < 10°  and  - 0.2  < z < 0.2. 


5(d)  The  same  as  5(a),  except  that  we  consider  the  cross  section 


1 


- 1 ,3 


— do,,  ( = ~2  d cT||/dftp  dft^dk). 


5(e)  The  same  as  5(b),  except  that  we  consider  the  cross  section 


1 


2 dall  ("  z2  d ail/%2dfikdk)  ' 


5(f)  The  same  as  5(c),  except  that  we  consider  the  cross  section 
1 


da„ 


— d3a„  /dft  dft.  dk 
72  II  p9  k 


NOTE:  Only  in  Fig.  5(d),  pertaining  to  the  cross  section  da]t 

with  k < k , do  the  minimum  and  second  maximum  remain 
o 


as  <f)  increases. 
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Fig.  6(a)  The  positions,  z = (v-u)/u,  of  the  minimum  and  the  second 
maximum  of  the  cross  section  da^3  ^2  d^/dfip  dfi^dk^ 
as  a function  of  the  azimuthal  angle,  <p,  for  k < k . 

Here  e]  3 140  MeV,  k = 95  MeV,  and  9]  =1°. 

6(b)  The  same  as  in  6(a),  except  that  k > k . (We  choose 
k = 130  MeV). 


6(c) 


The  same  as  in  6(b),  except  that  we  consider  the  cross  section 
J2  dall  (=  ^2  d a||/dfip2d^kdk)  * 


Fig.  7(a)  The  cross  sections  do  / 

V 

dS^dkl 

c-j  = 140  MeV,  k = 95  MeV,  6]  = 1°,  and  <p  = 0°. 

7(b)  The  same  as  in  7(a),  except  that  cf>  = 0.2°. 

7(c)  The  same  as  in  7(a),  except  that  <$>  = 0.4°. 

7(d)  The  same  as  in  7(a),  except  that  (p  = 0.6°. 

Note  that  following  the  individual  figures  7(a)  - 7(d)  we  present 
these  four  figures  on  a single  page  for  easy  comparison. 


-U-  do,  ( = -U-  d2a.  /dft. 
T-  i\  V-  1 


-U-  d2cr/dfL  dfi, dk)  and 
Z2  P2  k / 

as  functions  of  02,  for 


Fig.  8(a)  The  cross  sections  dCj(=  d^/dfi  dfi^dkj  and 

1 / 1 3 2 V 2 2 / 

~2  dajj  d ajj/dfip  dft^dkj  as  functions  of  ©2,  for  k > kQ. 

Here  e-j  = 140  MeV,  k = 130  MeV,  0-j  = 1°,  and  cp  = 0°. 


8(b)  The  same  as  in  8(a),  except  that  cj>  = 0.2°. 


8(c)  The  same  as  in  8(a),  except  that  <j>  = 0.4°. 
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Fig.  8(d)  The  same  as  in  8(a),  except  that  <j>  = Q.69. 


Note  that  following  the  individual  figures  8(a)  - 8(d)  we  present 
these  four  figures  on  a single  page  for  easy  comparison. 


/dfi  or  k < k . 


Here  e]  = 140  MeV,  k = 95  MeV,  9]  = 1°,  and  4 = 0°. 

9(b)  The  same  as  in  9(a),  except  that  <p  = 0.2°. 

9(c)  The  same  as  in  9(a),  except  that  d>  = 0.4°. 

9(d)  The  same  as  in  9(a),  except  that  4 = 0.6°. 

Note  that  following  the  individual  figures  9(a)  - 9(d)  we  present 
these  four  figures  on  a single  page  for  easy  comparison. 

NOTE:  As  illustrated  also  in  fig.  5(d)  for  k < k , the  minimum 


Fig.  9(a)  The  cross  sections 


o 


and  second  maximum  for  da,,  remain  as  increases. 
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FIG.  2(b) 
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FIG.  3(c) 
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FIG.  3Cq> 
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FIG.  4Cc) 
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FIG.  5CcD 


EXTREMA  FOR  PARALLEL  POLARIZATION  C k > K>  ^ 


CM  s\ 

6 ? 

> 

vx 


I! 

N 


O 

o 


CM 

o 


0 

1 


CO 

0 

1 


CO 

0 

1 


o 

T 


FIG.  5C«3 


EXTREMA  FOR  PARALLEL  POLARIZATION 


r\ 

* 

A 

X 

v-/ 


0 0# 

s s -** 

- - c 

X C - 

0-0 

£ £ a 

V>  <t-  ^ c 

0 0 0 0 

# « # X 

C C C 0 

0 0 0 — 

— - - <*- 

-*»  -u  C 


> > 
2:  z: 

o o 

'T  CO 


n n 
hi  X 


II 

d 


C\J 

o 


D 

\ 

/-\ 

D 

I 

> 

II 
N 


r\ 

CO 

Ld 

LU 

X 

LjJ 

Q 

v-/ 


“ • 0 

0 0 

a.  a. 


® 

0 v 

a.  o 

» 

1 

i 


o 


o 

o 


97 


FIG.  5Cf) 


FUSION  OF  MINIMUM  AND  2nd  MAXIMUM  OF  CROSS  SECTION 
FOR  PERPENDICULAR  POLARIZATION  k < k„ 
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FIG.  6(a) 


FUSION  OF  MINIMUM  AND  2nd  MAXIMUM  OF  CROSS  SECTION 
FOR  PERPENDICULAR  POLARIZATION  AND  k > k. 
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FIG.  7Ca) 
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FIG.  7<c> 
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